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Abstract 

We  devise  a  linear  time  algorithm  for  finding  an  ambitus  in  an  undirected  graph.  An  ambitus 
is  a  cycle  in  a  graph  containing  two  distinguished  vertices  such  that  certain  different  groups 
of  bridges  (called  B^-,  B'^ -  and  B^'^ -bridges)  satisfy  the  property  that  a  bridge  in  one 
group  does  not  interlace  with  any  bridge  in  the  other  groups.  Thus,- an  ambitus  aJlows 
the  graph  to  be  cut  into  pieces,  where,  in  each  piece,  certain  graph  properties  may  be 
investigated  independently  and  recursively,  and  then  the  pieces  can  be  pasted  together  to 
yield  information  about  these  graph  properties  in  the  original  graph.  In  order  to  achieve 
a  good  time-complexity  for  such  an  algorithm  employing  the  divide-and-conquer  paradigm, 
it  is  necessary  to  find  an  ambitus  quickly.  We  also  show  that,  using  ambitus,  linear-time 
algorithms  can  be  devised  for  abiding-path-finding  and  nonseparable-induced-cycle-finding 
problems. 
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1      Introduction 

The  concept  of  an  ambitus  was  first  introduced  in  [6]  and  [7],  in  the  process  of  devising  an 
efficient  divide-and-conquer  algorithm  for  the  All-Bidiiectional-Edge  problem.  An  ambitus  is 
a  cycle  in  a  graph  containing  two  distinguished  vertices  such  that  certain  different  groups  of 
bridges  (called  B^-,  B'^-  and  5^'^-bridges)  satisfy  the  property  that  a  bridge  in  one  group 
avoids  {i.e.,  does  not  interlace  with)  every  bridge  in  the  other  groups.  (See  section  2,  for  a  more 
formal  definition  of  ambitus.)  Thus,  an  ambitus  «dlows  the  graph  to  be  cut  into  pieces,  where, 
in  each  piece,  certain  graph  properties  may  be  investigated  independently  and  recursively,  and 
then  the  pieces  can  be  pasted  together  to  yield  information  about  these  graph  properties  in  the 
original  graph.  In  order  to  achieve  a  good  time-complexity  for  such  an  algorithm  employing  the 
divide-and-conquer  paradigm,  it  is  necessary  to  find  an  ambitus  quickly,  i.e.,  in  Odf"!  -I-  \V\) 
time.  Such  an  algorithm  first  appears  in  [7]  and  yields  a  time  complexity  of  0(|£|  ■  \V\)  for  the 
algorithm  to  find  all  bidirectional  edges  of  an  undirected  graph. 

In  many  respects,  this  algorithm  is  a  generalization  of  the  planarity  testing  algorithm,  due 
to  Hopcroft  and  Tarjan  (see  [4]).  Like  their  planarity  testing  algorithm,  the  ambitus-finding 
algorithm  needs  to  decompose  the  graph  in  to  a  set  of  internally-vertex  disjoint  subpaths,  al- 
though the  decomposition  needed  for  our  purpose  has  to  be  somewhat  different.  Uidike  their 
planarity  testing  algorithm,  the  ambitus-finding  algorithm  cannot  traverse  the  subpaths  in  an 
order,  known  a  priori;  rather  the  order,  in  which  the  subpaths  are  traversed,  has  to  be  deter- 
mined dynamiccdly.  For  this  purpose,  we  have  developed  a  novel  data  structure  that  maintains 
a  set  of  (integral)  intervals  and  supports  a  fast  find-and-UPDATE  operation  that  detects  the 
interval  corresponding  to  a  subpath  to  be  visited  next  and  updates  the  set  of  intervals,  appro- 
priately. This  data  structure  has  a  good  amortized  time-complexity,  and  may  be  of  independent 
of  interest. 

Subsequently,  many  other  researchers  have  developed  new  algorithms  either  for  ambitus- 
finding  in  special  classes  of  graphs  or  for  certain  other  closely  related  concepts  in  general  graphs. 
Two  such  related  concepts  are  abiding  paths  and  nonseparating  induced  cycles.  In  section  8, 
we  present  linear  time  algorithms  for  abiding  paths  in  nonseparable  graphs  and  nonseparating 
induced  cycles  in  triconnected  graphs.  The  abiding  paths  have  to  be  found  in  a  'divide'  step  for 
an  algorithm,  due  to  Ohtsuki  ([8]),  for  the  two-vertex-disjoint-paths  problem.  Nonseparating 
induced  cycles  need  to  be  found  repeatedly  (at  most  \V\  times)  in  an  zilgorithm,  due  to  Cheriyan 
and  Maheswari  ([1]),  that  finds  three  independent  spanning  trees  rooted  at  a  distinguished 
vertex,  in  a  triconnected  graph. 

In  [5],  Krishnan,  Pandu  Rangan  and  Sheshadri  have  developed  a  simple  linear  time  algorithm 
to  find  an  ambitus  in  a  planar  graph.  Although  their  algorithm  is  simple  and  elegant,  the  tech- 
niques employed  do  not  generalize  to  other  classes  of  graphs.  In  [11],  R.  Sundar  has  developed 
an  0(|£|  -I-  |V|log|y|)  time  algorithm  to  find  an  abiding  path  in  a  nonseparable  graph.  This 
algorithm  can  be  used  for  the  ambitus-finding  problem,  if  the  graph  is  suitably  modified.  How- 
ever, such  an  algorithm  has  a  linear-time  behavior,  only  if  the  graph  is  dense.  In  [1],  Cheriyan 
and  Maheswari  have  developed  a  linear-time  algorithm  to  find  a  nonseparating  induced  cycle 
in  a  triconnected  graph.  With  suitable  modifications  to  certain  basic  steps  in  the  algorithm,  a 
diflFerent  linear-time  algorithm  for  the  ambitus-finding  problem  can  be  devised. 

The  paper  is  organized  as  follows:  In  section  2,  we  define  some  graph  theoretic  terminology 
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and  introduce  other  key  concepts  required  in  the  paper.  In  section  3,  we  demonstrate  that 
an  ambitus  always  exists  in  a  nonseparable  graph,  and  an  ambitus  can  be  found  by  a  naive 
algorithm  of  complexity.  0{\E\  ■  \V\).  In  section  4,  we  provide  a  sketch  of  the  main  algorithm, 
and  in  the  subsequent  two  sections,  we  provide  the  implementation  details,  in  order  to  guarantee 
a  linear-time  behavior.  In  the  last  section,  we  give  two  simple  applications  of  the  ambitus-finding 
algorithm. 

2     Preliminaries 

In  this  section,  we  define  some  graph  theoretic  terminology  and  introduce  other  key  concepts 
required  in  the  paper.  Most  important  among  these  are  the  terms:  bridge,  residual  path,  cross- 
cut and  ambitus.  The  definitions  are  similar  to  those  used  in  the  context  of  Tutte's  Theorem 
on  Hamiltonian  circuits  in  4-connected  planar  graphs  given  in  Tutte(1977)[13],  those  in  the 
planarity-testing  algorithm  of  Hopcroft  and  Tarjan(1978)[4]  or  those  in  connection  with  the 
four-color  problem  as  presented  in  Ore[9].  The  reader  with  some  familiarity  with  graph  theory 
and  related  algorithms  is  advised  to  skip  this  section  and  refer  it  only  when  (s)he  comes  across 
an  unfamiliar  term. 

2.1      Graph  Theoretic  Terminology 

A  graph  G  =  (y,E)  consists  of  set  V  of  vertices,  a  set  E  of  edges,  and  a  relation  of  incidence, 
which  associates  with  each  edge  either  one  or  two  vertices  called  its  ends.  We  write  V{G)  and 
E{G)  to  denote  the  vertices  and  the  edges  of  the  graph  G,  respectively.  An  edge  is  called  a  link 
or  a  loop  according  as  the  number  of  its  ends  is  two  or  one.  Two  or  more  links  with  the  same 
pair  of  ends  are  said  to  constitute  a  multi-link. 

All  graphs  considered  here  are  assumed  to  be  finite  (the  sets  V{G)  and  E{G)  are  both  finite) 
and  strict  (without  a  loop  or  multi-link). 

Either  the  edges  are  ordered  pairs  {u,  v)  of  distinct  vertices  (the  graph  is  directed)  or  the  edges 
are  unordered  pairs  [u.v]  of  distinct  vertices  (the  graph  is  undirected).  If  [u,v]  is  an  undirected 
edge,  u  and  v  are  adjacent.  If  {u,v)  is  a  directed  edge,  u  is  a  predecessor  oi  v  (respectively,  v  is 
a  successor  oi  u),  sometimes  denoted  by,  u  -^  v  (respectively,  v  <—  u). 

A  graph  Gi  =  (Vi,Ei)  is  a  subgraph  of  G,  if  Vj  C  V{G),  E\  C  E{G),  and  each  edge  of  G\ 
has  the  same  ends  in  G\  as  in  G.  If  G\  is  a  subgraph  of  G,  other  than  G  itself,  then  G\  is  a 
proper  subgraph  of  G.  If  V'l  =  V{G)  then  G\  is  said  to  be  a  spanning  subgraph  of  G.  A  vertex 
of  attachment  of  Gi  in  G  is  a  vertex  of  Gi  that  is  incident  in  G  with  some  edge  not  belonging 
to  Gi. 

If  El  C  E{G),  let  V{Ei}  be  the  set  of  all  vertices  v  oi  G  such  that  v  is  incident  with  a 
member  of  Ei,  i.e., 

V{Ei)  =  {veV{G)\3,^v(G)[^,v]eEr}. 

Then  the  subgraph  (E^)  =  {V(Ei),  Ei)  is  the  reduction  of  G  to  £1.  Similarly,  if  W  C  V(G),  let 
E{Vi)  be  the  set  of  all  edges  of  G  having  both  ends  in  Vi,i.e., 

E{Vr)^  {[u,v]GE{G)\u,vel\]. 
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Then  the  subgraph  (Vi)  =  {Vi,E{Vi))  is  the  subgraph  of  G  induced  by  Vi. 

An  undirected  graph  is  connected  if  there  is  a  path  connecting  every  pair  of  vertices  and 
disconnected  otherwise.  The  maximal  connected  subgraphs  of  G  are  its  connected  components 
or  simply,  components. 

A  path  of  length  k  from  u  to  r  in  G  is  a  sequence  of  vertices  {u  =)  uq,  ux.  . . .,  Uk  (=  v)  such 
that  (w,,  K,+i)  e  £  for  0  <  i  <  Jfc.  (Sometimes  denoted  by  u  -^  v.)  The  path  contains  the 
edges  (u,,  u,+i)  ior  Q  <  i  <  k  as  well  as  vertices  u,  for  0  <  i  <  A;.  The  vertices  u  and  v  are  called 
the  ends  of  the  path  P.  All  other  vertices  of  the  path  (i.e.,  u.'s  for  Q  <  i  <  k)  are  the  internal 
vertices  of  the  path. 

If  0  <  i  <  j  <  k,  then  the  sequence  of  vertices,  u,,  ti,+i, . . . ,  Uj  is  a  subpath  of  the  path 
from  u  to  V.  If  P  is  a  path  from  u  to  v,  u  =  uo,u\, . .  .,Uk  —  v,  and  0  <  i  <  j  <  k  then 
the  subpath  from  u,  to  Uj,  including  both  w,  and  Uj  is  represented  by  P[uj;Uj];  the  subpath 
excluding  u,  but  including  Uj,  by  P]u,;Uj];  the  subpath  including  u,  but  excluding  Uj,  by 
/'[u,;ti_,[  and  the  subpath  excluding  both  u,  and  u^,  by  P]u,;Uj[.  If  P  =  uq.  ui, . .  . ,  u;-_],  Ufc 
is  a  path  from  uq  to  i^^,  then  the  reversal  of  the  path  P  is  P^  =  u^,  lifc-j, . .  . ,  uj,  uq.  If 
Pj  =  tig,  uj, .  . . ,  u,  and  P2  =  u,,  u,+i, .  . . ,  u^  are  two  paths  then  the  concatenation  of  Pj  and  P2 
is  Pi  ♦  P2  =  uo.i'i.  •  •  .,t/,.  u.+i, . .  .,Uk. 

The  path  is  simple  if  uoi---5^A-  ^re  distinct  (except  possibly  uo  =  Uk)  and  the  path  is  a 
cycle  if  Uq  —  '^k-  By  convention  there  is  a  path  of  no  edges  from  every  vertex  to  itself  (null 
path),  but  a  cycle  must  contciin  at  least  two  edges.  Two  simple  paths  P\  and  P2  are  said  to  be 
vertex-disjoint,  if  the  vertices  of  Pi  and  P2  are  mutually  distinct;  internally  vertex- disjoint,  if 
the  internal  vertices  of  Pi  and  P2  are  mutually  distinct;  and  edge-disjoint,  if  the  edges  of  Pi  and 
P2  are  mutually  distinct. 

A  connected  graph  is  said  to  have  a  separation  vertex  v  (also  called  an  articulation  point)  if 
there  exist  vertices  a  and  h,  a  ^  v  and  b  /  v,  such  that  all  the  paths  connecting  a  and  b  pass 
through  V.  A  graph  which  has  a  separation  vertex  is  called  separable,  and  one  which  has  none 
is  called  nonseparable  (also  called  biconnected).  Let  V  C  V.  The  induced  graph  G'  =  {V) 
is  called  a  nonseparable  component  (also  called  a  biconnected  component)  if  G'  is  nonseparable 
and  if  for  every  larger  V",V'  c  V"  C  V,  the  induced  graph  G"  =  (V")  is  separable. 

2.2      Bridge  and  Ambitus 

In  this  section  we  introduces  the  notion  of  bridges  for  cycles  in  general  graphs.  The  term  'bridge' 
is  taken  from  Tutte(1977)[13],  which  also  contains  a  rather  complete  survey  of  bridge  theory  in 
both  general  and  planar  graphs.  The  equivcdent  terms  for  bridge,  in  some  older  literature,  are 
'component  mod  J\  'J-component'[12]  and  'Gespinst'^[10]. 

Definition  2.1  Bridges. [Tutte] 

Let  J  be  a  fixed  subgraph  of  G.  A  subgraph  G\  of  G  is  said  to  be  J -detached  in  G,  if  all  its 
vertices  of  attachment  are  in  J .  We  define  a  bridge  of  J  in  G  as  any  subgraph  B  that  satisfies 
the  three  following  conditions: 

1.  B  is  not  a  subgraph  of  J . 
'Gespinst  is  the  German  word  for  'cobweb'. 
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Figure  1:  Bridges  of  J. 

2.  B  is  J-detached  in  G. 

3.  No  proper  subgraph  of  B  satisfies  hotl\  (1)  and  (2). 

The  set  of  vertices  of  attacliment  of  a  bridge  5  of  a  subgraph  J  in  G  is  denoted  by  W(G,B)  = 
{vo,Vu...,Vk-i}.  w(G,B}  will  stand  for  \W{G,B)\.  liw{G,B)  =  n  then  B  is  said  to  be  an 
n- bridge.      D 


Definition  2.2  Degenerate  and  Proper  Bridges.  Nucleus  of  a  bridge. 

An  edge  e  =  [u,v]  of  G  not  belonging  to  J  but  having  both  ends  in  J  is  referred  to  as  a 
degenerate  bridge. 

Let  G-  be  the  graph  derived  from  G  by  deleting  the  vertices  of  J  and  all  their  incident  edges. 
Let  C  be  any  component  of  G".  Let  B  be  the  subgraph  of  G  obtained  from  C  by  adjoining  to 
It  each  edge  of  G  having  one  end  in  C  and  one  in  J,  and  adjoining  also  the  ends  in  J  of  all  such 
edges.  The  subgraph  B  satisfies  the  conditions  to  be  a  bridge.  Such  a  bridge  is  called  proper. 
The  component  C  of  G~  is  the  nvchvs  of  B.      D 
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Remark  2.3  By  a  Theorem  due  to  Tutte,  if  B  is  any  bridge  of  a  subgraph  J  of  G  then  B  is 
either  degenerate  or  proper.  Hence  using  the  above  definition  of  a  bridge  and  the  theorem,  we 
can  give  a  linear  time  algorithm  to  find  all  bridges  of  a  subgraph  J  oi  G . 

In  the  remaining  portion  of  this  paper,  we  will  assume  the  subgraph  J  of  G  is  a  cycle  in  G. 
D 

Example  2.4  In  the  Figure  1,  we  give  an  example  of  bridges  of  a  cycle  J.  In  this  example, 
bridges  Bi,  i?2,  B3,  and  Be,  are  proper  bridges,  and  B^  and  B^  are  degenerate  bridges. 

Definition  2.5  Residual  Paths. 

Let  the  vertices  of  attachment  of  a  bridge  B  of  a  cycle  J  in  G,  be  W{G,B)  =  {vq,vi,.  .  .,Vk-\} 
and  let  vo,Vi. .  . .,  r^-i  be  their  enumeration  in  their  cyclic  order  on  J.  The  vertices  of  attachment 
dissect  J  into  k  subpaths  Lo.L\. .  .  .,Lk-\  such  that  L^  =  ./[i^'j;  i'j+i(mod*r)]-  These  subpaths  are 
called  the  residual  paths  of  B  in  J .      D 

Definition  2.6  Relations  between  Bridges. 

Let  Bi  and  B2  be  two  distinct  bridges  of  a  cycle  J  of  G. 

•  We  say  Bi  avoids  B2  if  and  only  if  one  of  the  following  two  conditions  is  satisfied: 

1.  w{G,Bi)  <  1  orw{G,B2)  <  1. 

2.  All  the  vertices  of  attachment  of  Bi  are  contained  in  a  single  residual  path  L  of  £2- 

•  If  Bi  and  B2  do  not  avoid  one  another  we  say  that  they  overlap. 

•  If  there  exist  two  vertices  of  attachment  xi  and  X2  of  Bi  and  two  verticei  of  attachment  yj 
and  j/2  of  -B2,  all  four  distinct,  such  that  xi  and  12  separate  2/1  and  j/2  in  the  cycle  J,  then  we 
say  that  they  interlace. 

•  If  Bi  and  B2  have  exactly  the  same  set  of  vertices  of  attachment  we  say  that  they  are  equivalent. 
D 

Example  2.7  In  the  example  shown  in  Figure  1,  the  bridges  Bi  and  B2  interlace,  where  as,  the 
bridge  Bi  avoids  B4.  Also  notice  that  the  bridge  B3  avoids  every  other  bridge. 

Definition  2.8  Cross-cuts. 

Let  J  be  a  cycle  of  the  graph  G.  A  path  N  in  G  avoiding  J  but  having  its  two  ends  x  and 
y  in  J  is  called  a  cross-cut  of  J  between  x  and  y. 

The  vertices  x  and  y  dissect  J  into  internally  vertex  disjoint  paths  Zi  and  X2.  We  also  call 
them  the  residual  paths  in  J  of  the  cross-cut  A'^. 

Let  A'^i  and  A'2  be  two  cross-cuts  of  J  between  xi  and  X2,  and  j/i  and  y2,  respectively  in  G. 
We  say  that  Ni  and  A'2  interlace,  if  ij  and  X2  separate  r/i  and  j/2  in  the  cycle  J.        D 

Definition  2.9  Paths  P  and  Q. 

Let  G  be  an  undirected  graph  with  two  distinguished  vertices  s  and  t  and  let  J  be  a  cycle  of 
the  graph  containing  the  vertices,  s  and  /.  Let  the  vertices  of  J  be  ordered  in  a  clock-wise  cyclic 
order  starting  with  the  vertex  5.  A  subpath  J[a;  b]  =  (a  =)uo,  Ui,  .  •  .,Ui-i,  Ufc(=  b)  denotes  the 
unique  subpath  of  J  in  which  u,_i  precedes  u,  in  the  clock-wise  cyclic  order  (for  I  <  i  <  k). 
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Figure  2:  B^'^-,  B^ -  and  ^'^-bridges  of  P  and  Q. 

The  vertices,  s  and  t  dissect  the  cycle  J  into  two  internally  vertex-disjoint  paths:  P[s;  /], 
where  P  -  J[s\i\  and  its  complementary  subpath  in  J,  Q[s\t],  where  Q^  =  J[<;5].  Clearly  P 
and  Q  are  internally  vertex  disjoint. 

The  vertices  of  P  are  ordered  according  to  the  cyclic  order,  and  vertices  of  Q,  according  to 
the  reverse-cyclic  order.  A  vertex  u  of  P  is  said  to  be  to  the  left  of  a  vertex  v  of  P,  if  u  precedes 
V  in  the  cyclic  order  of  J:  and  u  is  strictly  to  the  left  of  r,  if.  in  addition,  u  and  v  are  distinct. 
On  the  other  hand,  a  vertex  u  of  Q  is  said  to  be  to  the  left  of  a  vertex  v  of  Q,  if  t;  precedes  u  in 
the  cyclic  order  of  J;  and  u  is  strictly  to  the  left  of  v,  if,  in  addition,  u  and  v  are  distinct.  The 
relation  'to  the  right  of  is  the  inverse  of  the  relation  'to  the  left  of;'  and  the  relation  'strictly  to 
the  right  of  is  the  relation  'to  the  right  of"  with  additional  irreflexivity  property.      D 


Definition  2.10  Bridges  with  respect  to  the  Paths. 

Let  G  be  an  undirected  graph  with  two  distinguished  vertices  s  and  t  with  two  internally 
vertex-disjoint  paths  P[s;  t]  and  Q[s\  t].  which  meet  each  other  only  in  their  end  vertices,  s  and 
t.  We  consider  three  different  classes  of  bridges  of  interest  to  us: 

•  ^^'^-Bridges:  The  set  of  bridges  with  at  least  one  vertex  of  aftachmeiit  on  P]s;  t[  and  at 
least  one  vertex  of  attachment  on  Q]s:  t[. 

•  B-^-Bridges:  The  set  of  bridges  with  at  least  one  vertex  of  atfaciimenf  on  P]s;  t[  and  no 
vertex  of  attachment  on  Q]s:  t[. 
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•  B^-Bridges:  The  set  of  bridges  with  no  vertex  of  attachment  on  P]s;t[  and  at  least  one 
vertex  of  attachment  on  Q]s\t[. 

If  a  bridge  B  of  J  =  {P]  U  {Q]  in  G  is  not  a  B^'^-.  B^ -  or  5<5-bridge  then  it  has  only  5  or  t 
as  vertices  of  attachment.      D 

Example  2.11  In  the  figure  2,  we  show  B^^-,  B^-  and  B^ -  bridges  of  the  paths  P  and  Q. 
Bridges  Bi,  B2  and  £3  are  5^'^-bridges;  B^  is  a  5^-bridge  and  ^5,  a  ^'^-bridge. 

Definition  2.12  Ambitus. 

Let  J ,  P  and  Q  be  as  in  the  previous  definition.  Then  J  is  called  an  ambitus  if  every  B^- 
or  ^'^-bridge  avoids  every  B^'^ -bridge.        D 

Problem  2.1    Ambitus-Finding  PROBLEM. 

Assume  that  G  =  (T'.  £")  is  a  nonseparable  graph  containing  two  distinguished  vertices  s  and 
t. 

Find  two  internally  vertex  disjoint  paths  P[s;  t]  and  Q[s;  t]  in  G  such  that  the  cycle  J  =  P*Q^ 
is  an  ambitus.      D 

Notation  2.13  Let  G,  5.  t,  P[s\i],  Q[s;t]  and  J  be  as  before.  If  B  is  a  bridge  of  the  cycle  J 
with  at  least  one  vertex  of  attachment  on  P]5:?[,  then  the  left-  and  the  right-most  vertices  of 
attachment  of  B  on  P[s;t]  are  referred  to  by  sp{B)  and  tp{B).  Similarly,  if  5  is  a  bridge  of 
the  cycle  J  with  at  least  one  vertex  of  attachment  on  Q]s;t[,  then  the  left-  and  the  right-most 
vertices  of  attachment  of  B  on  Q[s\t]  are  referred  to  by  sq{B)  and  tQ{B).        D 

2.3      Properties  of  Bridges  and  Nonseparable  Components 

In  this  section  we  present  some  technical  propositions  that  will  be  used  quite  often  later  on. 

Proposition  2.1  (Tutte[13])  Let  x  be  any  edge  or  vertex  of  G  not  belonging  to  the  cycle  J. 
Then  x  belongs  to  exactly  one  bridge  of  J  of  G  that  is  degenerate  or  proper.      D 

Proposition  2.2  (Tutte[13])  Let  B  be  any  bridge  of  a  cycle  J  ofG.  Then  B  is  either  degenerate 
or  proper.       D 

Proposition  2.3  (Tutte[13])  Let  x  and  y  he  distinct  vertices  of  a  bridge  B  of  J  in  G.  Then 
there  is  a  path  N  in  B  whose  ends  are  x  and  y  and  which  avoids  J .  N  is  a  cross-cut  of  J 
between  x  and  y.      D 

Proposition  2.4  (Mishra[7])  Let  y  be  a  vertex  of  G  belonging  to  some  bridge  B  of  J  and  x  be 
any  vertex  x  e  G  \  B  such  that  there  is  a  path  from  x  to  y  in  G.  Then  there  is  a  vertex  z  on 
this  path  that  is  also  a  vertex  of  attachment  of  B.        D 

Proposition  2.5  (Even[2])  Let  x,  y  and  z  be  three  distinct  vertices  of  attachment  of  a  bridge 
B  of  J  in  G.  Then  there  is  a  vertex  v  belonging  to  the  nucleus  of  B  for  which  there  are  three 
internally  vertex  disjoint  paths  in  B:  Y\[x\  v],  Y2[y  :  v]  and  yj,[z\  v].      D 
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Remark  2.14  Following  Tutte[14],  we  define  a  Y-graph  as  the  union  Y  of  three  paths  Yi,  Y2 
and  Y3  which  have  one  end  v  in  common  but  are  otherwise  mutually  disjoint.  We  call  v  the 
center  a.nd  the  paths  Y,'s,  the  arms  of  }'. 

Proposition  2.6  (Mishra[7])  Let  G  be  a  nonseparable  graph  with  a  cycle  J  and  let  Bu...,Bk 
the  bridges  of  J  in  G.   Let  G'  be  the  graph  derived  from  G  by  deleting  a  bridge  B,. 

1.  wiG,B,)>  2  fori  <i<  k. 

2.  G'  is  nonseparable.      D 

3      Existence  of  an  Ambitus 

Firstly  we  make  following  mild  assumptions  about  the  graph  G: 

Assumption  3.1  G  is  a  nonseparable  graph  containing  two  distinguished  vertices  5  and  t  and 
two  internally  vertex  disjoint  paths  P[s-j]  and  Q[s\t].  Further  we  assume  that  the  bridges  of 
J  =  {P}U  {Q}  in  G  are  B^-,  5<?-  or  5^«-bridges,  only.        D 

Definition  3.2  CARRIER  of  a  B^-  or  a  5'5-bridge. 

Let  £  be  a  ^''-bridge  of  J  =  {P}  U  {Q}  in  G.  Let  sp{B)  and  tp{B)  be  its  left-  and  right- 
most vertices  of  attachment  on  P.  Then  we  say  P[spiB):tp(B)]  is  the  P-carrier  (or  simply  its 
carrier,  when  B  is  understood  to  be  a  ^'^-bridge,  from  the  context). 

A  Q-carrier  of  a  ^'^-bridge  is  defined  in  an  identical  manner.        D 

Definition  3.3  The  Covering  Relation. 

A  5^-bridge  Bi  covers  another  5^-bridge  B2,  if  following  two  conditions  are  satisfied: 

1.  The  P-carrier  of  B2,  P2  =  P[sp{B2)\tp{B2)],  is  a  subpath  of  the  P-carrier  of  Bi,  P{  = 
P[sp{B:)-tp{B^)]. 

2.  B2  has  a  vertex  of  attachment  on  P]sp{Bi)\tp{Bi)[. 

A  5^-bridge  Bi  covers  a  vertex  r,  if  t;  6  V{P]sp{Bi);  tp{Bi)[)  and  maximally  covers,  if,  in 
addition,  no  ^''-bridge  B2  covers  B\. 

A  similar  set  of  definitions  holds  for  ^'^-bridges  and  the  vertices  of  Q]s;  t[.        D 

Definition  3.4  AN  Offensive  £^-bridge. 

Let  v  e  V{P]s;t[)  be  a  vertex  of  attachment  of  a  5^^-bridge  of  J  =  {P}  U  {Q}  in  G.  If  a 
^''-bridge,  B,  covers  v  then  B  is  offensive  with  respect  to  v.        D 

Now,  we  are  ready  to  prove  the  existence  of  an  ambitus;  the  proof  is  constructive  and  readily 
provides  an  0{\E\  ■  \V\)  time  algorithm. 

Theorem  3.1  Let  G  be  an  undirected  graph  with  two  distinguished  vertices  s  and  t  such  that 
it  has  two  internally  vertex-disjoint  paths  Po[s\t]  and  Qo[s;l].  Then  G  also  has  two  internally 
vertex-disjoint  paths  P[s\i]  and  Q[s\t]  such  that  the  cycle  J  =  {P}  U  {Q]  is  an  ambitus. 
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Figure  3:  Modifying  P. 


PROOF. 


Let  Jo  -  {Po}  U  {Qo}  be  the  cycle  in  the  graph  G.  We  describe  a  sequence  of  cycles 
^0  =  {Po}  U  {Qo},  ^1  =  {Pi}  U  {Qi),  .  .  .,  J„  =  {P„}  u  {Q„},  where  J„  is  an  ambitus  and 
n  <  \V\. 

With  each  cycle  we  associate  a  number,  vf'^,  the  number  of  vertices  of  nuclei  of  B^<5. bridges 
of  J,,  i.e., 

m, 

where  Bi,  Bj,  .  . .,  Bm,  are  the  5^^-bridges  of  J,. 

If  J,  IS  an  ambitus  then  J,+i  is  undefined,  and  the  sequence  of  cycles  terminates,  with  i  =  n. 
Otherwise,  we  construct  a  cycle  J,+i  as  follows:  Let  B  be  an  offensive  B^-  or  P<?-bridge  of 
J„  covering  a  vertex  v.  a  vertex  of  attachment  of  some  P^^-bridge  B'  of  J,.  Without  loss  of 
generality  assume  that  B  is  a  P^-bridge.  Let  sp,(B)  and  tp,{B)  be  the  left-  and  right-most 
vertices  of  attachment  of  P  on  P,.  Hence  r  lies  on  P,].5p.(P);  tp,iB)[,  and  v  ^  ViN{B,)),  for  all 
1  <  ;  <  m,. 
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Let  R[sp,iB)]tp^{B)]  be  a  cross-cut  of  J,  between  the  vertices  sp,{B)  and  tp,{B)  such  that 
R  lies  in  the  bridge  B.  Let 

P.+iW-t]  =P,[s;sp{B)]*R[sp,{By,tp,{B)]*P.[tp,{B);t], 

Q,+i[s;t]  =Q,[s;t], 
and 

^.+1  ={P,+i}u{Q,+,}. 

Hence  P,+i  and  Q,+i  are  internally  vertex-disjoint. 

Every  vertex  in  the  nuclei  of  5^^^ -bridges  of  J,  is  also  a  vertex  in  the  nuclei  of  5^*^ -bridges  of 
J,+i,  and  hence  i-f^  <  u,^*^.  Furthermore,  the  vertex  v  belongs  to  the  nucleus  of  a  B^<?-bridge 
of  y,+i,  where  as  it  used  to  be  a  vertex  of  J,.  Hence, 

.r'^<t'.;i<iv(G)i. 

Since  each  modification  strictly  increments  the  t^^'^-number  and  since  the  u'^^-number  is 
bounded  by  |V'(G)|  from  above,  this  sequence  of  cycles  must  terminate  with  some  n  <  |V(G)|, 
where  Jn  is  an  ambitus. 

Since  each  modification  step  involves:  (i)  Finding  an  offensive  B^-  or  iJ'^-bridge  (u)  Finding 
a  cross-cut  R  in  the  appropriate  B^ -  or  ^'^-bridge,  (in)  Modifying  the  paths  P  and  Q,  and 
(tw)  Recomputing  the  bridges  of  the  modified  cycle,  it  takes  no  more  than  0(|£^|)  time.  Since 
such  a  step  can  be  repeated  at  most  |V'(G)|-many  times,  the  proof  suggests  an  0{\E\  ■  \V\)  time 
algorithm  to  find  an  ambitus.        D 

I 
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4      Sketch  of  the  Algorithm 

For  the  sake  of  exposition,  we  sketch  the  aJgorithm  find- ambitus  without  the  implementa- 
tion details.  The  algorithm,  implemented  in  a  straight-forward  manner,  does  not  produce  k 
linear  time  algorithm.  The  implementation  details,  required  to  achieve  the  time  complexity,  are 
discussed  in  the  two  subsequent  sections;  and  are  based  on  the  following  two  main  ideas: 

1.  Path-Finding:  The  first  idea  involves  a  modification  to  the  depth-first  search  and  helps 
us  to  quickly  find  the  required  paths  in  a  5^-bridge. 

2.  Auxiliary  Data  Structure:  The  second  idea  involves  an  auxiliary  data  structure  with 
the  operation  Find-and-Update,  which,  in  effect,  determines  the  order  in  which  B^- 
bridges  are  to  be  examined. 

4.1      The  Algorithm 

The  algorithm  consists  of  the  following  three  mutually  recursive  algorithms:  find-ambitus, 
ANALYZE-BRIDGES  and  AN ALYZE-BRIDGE.  The  correctness  of  the  aJgorithm  is  proven  in  the 
next  subsection. 


Algorithm  FIND-AMBITUS(G,  s, «): 

begin 

Let  B^  be  the  set  of  B'^-bridges  of  J  in  G.and  V^, 
the  set  of  vertices  of  attachment  of  the 
B^<5-bridges  of  J  in  G,  on  P]s;  <[; 

P'[s;i]:=   ANALYZE-BRlDGES{P[s;t],  B''  ,V''y, 

Let  J'  be  {P'}U{Q}; 

Let  B^  be  the  set  of  B'5-bridges  of  J'  in  G,  and  V<?, 
the  set  of  vertices  of  attachment  of  the 
B^'O-bridges  of  J'  in  G,  on  Q]s:  t[- 

Q'[s;t]  :=    ANALYZE-BRIDGES((5[s;<],F'?,y<?); 

return  J"  =  {P'}U{Q'}; 
end{FIND-AMBITUS}       D 
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Algorithm  ANALYZE-BRIDGES(L[«; /],  B^,  V^): 
begin 

L'[s:t]:=L[s:i]; 

V':=V^; 

Unmark  bridges  of  B^  ; 

MainLoop: 

until  V'  =  0    loop 

Find-and-Update: 
Pair  ■■={i\B) 

(♦  11  £  y'  and  B  =  a.n  unmarked  bridge,  maximally  covering  v, 
*   if  such  a  bridge  exists;  B  =-L,  otherwise.    *) 
V':=V'\{i}; 

if  B  #1    then 

Let  F'  C  P^  be  the  set  of  bridges,  whose  carriers  intersect 

with  the  subpath  I-]sl(5);<i(5)[; 
for  every  B'  €  B'  loop 

(♦    Let  W(B')  =  vertices  of  attachment  of  B' .    *) 
if  B'  is  unmarked    then 
if  B'  ^  B  cand 

B'  has  a  vertex  of  attachment  on  L]si{B);ti{B)[ 
then 

V':=V'UU'(5'); 
end{if  } 
Mark  B'; 
end{if}; 
end{loop  }; 
end{if  }; 
end  {Find-and-Update}; 

if  B  ^±    then 

Let  L"  =  L[sL(B)-tLiB)]  be  the  carrier  of  5; 
Let  Gb  =  {E{B)\JE(L"))- 

R[sL{B);tL{B)]-   ANALYZE-BRIDGE(GB,Si(S),<L(5),I"); 

L'[s-t]:=L'[s,SL{B)]*  R[sL(By,tLiB)]*  L'[tL{B);t]; 
end{if  }; 
endjMainLoop}; 

return  L'[sJ]; 
end{ANALYZE-BRIDGES}      D 
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Algorithm  ANALYZE-BRIDGE(Gfl,s,<,Q[s;<]): 
begin 

(+    Gb  is  composed  of  the  bridge,  B,  and  its  carrier,  Q[s;<]    ♦) 

Find  a  path  P[s\t]  from  s  to  <  in  B; 

(♦    P[s,t]  and  (5[s;t]  are  two  internally  vertex  disjoint  paths 
*   in  Gb  and  J  =  {P]  U  {Q]  is  a  cycle  in  Gb     ♦) 

Let  B^  be  the  set  of  B^-bridges  of  J  in  Gb,  and  V^, 

the  set  of  vertices  of  attachment  of  the  fl^'^-bridges  of  J 
in  Gb,  on  P]s; ^[; 

R[s;i]  :=  ANALYZE-BRlDGEs(P[s;<],5^,y^); 

return  R[s;  t]\ 
end{ANALYZE-BRIDGE}       D 


4.2      The  Correctness  of  the  Algorithm  Find-Ambitus 

For  the  proof  of  correctness  of  the  aJgorithms,  we  need  to  define  the  following  notations: 

•  A  sequence  of  paths:  Po[-S<],  Pi[s;t],  ■  ■ .,  P,ls]t],  . . .,  where  Po[s-j]  =  P[s;t]  and  P,[s;t] 
is  the  modified  path  obtained  at  the  end  of  the  i'^  iteration  of  the  MainLoop  of  the 
algorithm  analyze-bridges. 

•  A  sequence  of  sets  of  vertices:  Vq,  Vi,  . . .,  V,,  . . .,  where  Vo  =  V^  and  V,  is  the  modified 
V'  at  the  end  of  the  z'^  iteration  of  the  Main  Loop  of  the  algorithm  analyze-bridges. 

Definition  4.1  A  path  P,[s;<]  is  well-defined  with,  respect  to  the  cycle  J  =  {P}  U  {Q},  if 

1.  It  is  simple  and  internally  vertex- disjoint  with  Q[s;t]. 

2.  There  is  a  sequence  of  vertices:  Vi,  v[,  V2,  v'2,  . . .,  Vp,  v'^  on  P]s;  t[  arranged  in  a  left-to  right 
order  such  that  Pi[s;t]  can  be  written  as  the  concatenation  of  a  sequence  of  alternating 
common-sections  and  cross-cuts  as  follows: 

P[s-  V,]  *  R[vi;v[]  *■■■*  R[vp;  v'^]  *  PW^;  t]. 

The  vertices  Uj,  v[,  V2,  v'2,  . . .,  Vp,  v'^  dissect  the  path  P,  into  internally  vertex  disjoint  subpaths 
P.[5;t;i]  =  P[s;i.i],  P.[vv,v[]  =  R[v,-v[],...,  PAvr,\v'^\  =  i2K;tg  and  P,[v'^-t]  =  P[v;;t].        D 


Let 


and 


Wi     =ViP)nViP,)     =ViP[s;v,])uV{P[v[;v2])U---UV{P[v'p;t]), 
W,     =V(P)\V(P,)      =ViP]vuv[[)DV{P]v2;v'2[)U---lJV{P]v,;v'[). 


Let  P,  be  well-defined,  with  the  sequence  of  vertices  t>i,  v[,  V2,  v'2,  . . .,  Vp,  v'  dissecting  it  into 
internally  vertex  disjoint  subpaths  as  in  the  Definition  4.1.  Thus  J,  =  {P,}  U  {Qi}  is  a  cycle  in 
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G.  Let  e,,  M,  and  A,  stand,  respectively,  for  the  set  of  ^'''^-bndges  of  J,  in  G,  the  vertices 
of  their  nuclei  and  their  vertices  of  attachment  on  P,]s\i[.  Also,  we  say  that  the  5^-bridges  of 
J,  are  partitioned,  if  every  5^-bridge  of  J,  in  G  has  all  its  vertices  of  attachment  on  one  of  the 
subpaths  P,[5;ri],  P,[ri;t'l],  P.K;^-2] ■P.K;t'p]  ^t  P.[t';;<]. 

Lemma  4.1  (Main  Technical  Lemma)   For  all  i  >  0, 

1.  P,[s;t]  is  well-defined  with  respect  to  J. 

2.  (a)W,CN,. 

(h)  V.nVV',  C  A,. 

3.  (a)  The  B^ -bridges  of  J,  in  G  are  partitioned. 

(b)  If  there  is  an  offensive  B^ -bridge  B'  of  J,  in  G,  then  B'  is  also  a  B^ -bridge  of  J . 
Furthermore,  B'  is  unmarked  and  covers  a  vertex  u'  G  V,  D  W,  of  J . 

PROOF. 

The  proof  is  by  a  double  induction  on  i  and  the  size  of  the  graph. 
BASIS  STEP:  (1)  follows  from  the  fact  that  Po[s;<]  =  P[s\t].  (2a)  and  (b)  follow  from  the  facts 
that  Wo  =  V{P[s\  t]),  W^  =  0  and  Vo  n  VVq  =  Ao-  (3a)  and  (b)  holds  trivially,  since  every  B^- 
bridgeof  Jo  is  an  unmarked  P^-bridge  of  J,  and  if  offensive,  it  covers  a  vertex  w  £  Ao  =  VonWo. 
INDUCTION  step:  Let  {v,B)  be  the  Pair  chosen  in  the  ?"^  iteration  of  MainLoop.  Hence  v  G 
V,-i. 

(Cased.  There  is  no  unmarked  bridge  B  £  B^ ,  covering  v.  Hence  B  t-L. 

(1 )  follows  from  the  fact  that  P,  [5;  <]  =  P,_i[5;t].  (2a)  holds,  since  W,  =  VV,_i  C  A/'i-i  =JV.. 
(2b)  holds,  since  V,  n  W,  =  (V,_i  n  W,-i)  \  {v}  C  (V,_i  n  >V,_i)  C  ^,_i  =  A,.  (3a)  is  triviaUy 
true,  since  P,  =  P,_i  and  J,  =  J,_]. 

(3b)  Let  B'  be  an  offensive  P^-bridge  of  J,  in  G.  Since  J,  =  J,_i,  B'  is  also  an  offensive 
P^-bridge  of  J,_i.  By  the  inductive  hypothesis,  at  the  end  of  the  (t  -  1)'^  iteration,  B'  is  an 
unmarked  P^-bridge  of  J  and  covers  a  vertex  w  G  V,_i  f)  VV',_i.  If  w  is  distinct  from  v  then 
w  G  V,  n  W',;  and  if  w  =  v  then  v  G  VV,_i  and  there  is  an  unmarked  bridge  B'  G  B  ,  covering 
V,  which  is  false  by  assumption. 

(Case2).  B  G  B^  is  an  unmarked  bridge,  maximally  covering  v.  Since  every  bridge 
covering  w  G  W,_i  is  marked,  v  G  W,_i. 

Since  Pi_i[5;  <]  is  well-defined  (inductive  hypothesis)  it  can  be  written  as: 

P[v'o{=  5);  t-i]  *  R[vi;v[]  *  ...  *  P[z;p;  v'^]  *  P[v'^;  v^+^{=  t)]. 

(1)  Since  B  is  unmarked,  P[sp{B);  tp{B)\  is  a  subpath  of  P[v'i^;  u^+i],  for  some  0  <  fc  <  p. 
Hence  all  the  vertices  of  attachment  of  P  lie  on  the  subpath  P{v'^.^,  Uit+i]  and  B  is  also  a  P^-bridge 
of  J,_i. 

Since  R[sp{B);tp{B)]  G  Gb  and  by  the  inductive  hypothesis  R[sp{B);tp{B)]  is  a  simple 
path  internaJly  vertex  disjoint  with  P[sp[B);tp{B)\, 

P,[s;/]     =  P_,[s;sp[B)]*  R[sp(B);tp{B)]*  P,.^[tp{B)-t] 

=  P[s,  n]  *  •  •  •  P[v{;sp{B)]  *  R[sp{By,  tp{B)]  *  P[tp{B);  v.+i]  *  •  •  •  ♦  P[v'^;  t]. 
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Figure  4: 


is  well-defined.  W,  =  >V,_i  \V(P]sp(B):tp(B)[). 

(2a)  Since  v  G  V,_i  fl  VV,_i,  v  £  A,-i.  Hence  there  is  a  cross-cut  y^[t';2]  of  J,_i,  where 
z  G  Q]5;  <[.  Hence  y[t';j:]  meets  P[sp{B);tp(B)]  only  in  v  and  otherwise  avoids  it.  Since 
R[sp{B);tp{B)]  avoids  P,-i[s;t]  except  for  its  end  vertices,  {P[sp(B)\v],  P[vJp{B)],Y[v- z]] 
are  the  arms  of  a  Y-graph  with  the  center  v.  Hence  V(P]sp{B);tp{B)[)  C  ,V,.  Using  the 
inductive  hypothesis,  we  see  that  H",  C  A',. 

(2b)  For  all  x  G  >V,.  we  show  that  a-  G  V,  =>  i  G  A,. 

Assume  that  x  G  V,  fl  V,_i.  In  this  case,  x  G  V,_i  D  W,_i  and  is  a  vertex  of  attachment  of 
a  bridge  oi  B,-i  on  P,_i]s;/[\  P]sp{B):ip{B)[.  Hence  there  is  a  cross-cut,  L[x;y],  between  x 
and  a  vertex  y  G  Q]s;t[  in  J,_i.  Since  R[sp{B)\tp(B)]  is  in  5,  I[i;  y]  meets  J,  only  in  a:  and 
y  and  otherwise  avoids  it.  Hence  x  G  ^tj. 

Otherwise,  x  G  V,\  V;_i.  Hence  x  must  be  a  vertex  of  attachment  of  a  5^-bridge.  B'.  of  J  in 
G,  where  5'  has  a  vertex  of  attachment,  y  on  P]sp(B):  1p{B)[.  Hence  there  is  a  cross-cut,  L[x\  y] 
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between  x  and  y'm  J.  L[x;  y]  avoids  every  5^-bridge  of  J  and  hence  the  subpaths  R[vi ;  v[],  . . ., 
R[vk;  <],  R[sp{By,  tp{B)],  R[vk+i;  <+i],  •  ■  -,  i?K;  ^'^j-  Since  x  G  W.,  x  is  a  vertex  on  P..  As 
a  result,  L[x\y]  is  a  simple  path  of  G  that  meets  J,  in  i  and  otherwise  avoids  it.  But  by  (2a), 
y  eW,  C  A^  and  hence  x  E  A,.  V,  n  W,  C  ^,. 

(3a)  Let  B'  be  a  5^-bridge  of  J,  in  G.  If  B'  has  a  vertex  of  attachment,  x,  on 
iZ]5p(5);<p(5)[  then  all  its  vertices  of  attachment  lie  on  R[sp{B);tp{B)].  Suppose  not. 
Then  there  is  a  cross-cut  L[x;y]  of  J,  between  x  and  some  vertex  y,  where  y  G  V{P,[s;t])  \ 
V{R[sp{By,tp{B)]).  Since  all  the  vertices  of  P]spiB);tpiB)[  belong  to  ^f,,  L[x;y]  avoids 
P[sp(B);tp{B)].  But  this  implies  that  there  is  a  path  from  x  G  N{B)  to  a  vertex  y  £  G\B 
that  avoids  the  vertices  of  attachment  of  5  on  J  in  G. 

Hence,  B'  is  a  5^-bridge  of  J,  in  G  such  that  it  has  no  vertex  of  attachment  on 
R]sp{B);tpiB)[,  and  thus  a  5^-bridge  of  J,_i.  Notice  that  if  B'  hzis  a  vertex  of  attachment 
on  P[s;sp{B)]  and  one  on  P[tp{B);t]  then  B'  is  an  offensive  5^-bridge  of  J,_i.  Hence  B'  is  a 
5^-bridge  of  J  and  is  unmarked  at  the  end  of  the  {i  -  1)'^  iteration  and  the  carrier  of  5  is  a 
subpath  of  the  carrier  of  B'.  Since  B,  by  assumption,  is  a  maximal  bridge  covering  v,  B  has  no 
vertex  of  attachment  on  P]spiB')JpiB')[.  Hence  sp(J5')  =  sp{B),  tp{B')  =  tp{B);  and  all  the 
vertices  of  attachment  of  B'  lie  on  R[sp{B')\ip[B')]. 

Assume  that  cdl  the  vertices  of  attachment  of  B'  lie  on  P[s\  sp{B)]  or  on  P[tp{B)\  t\  (say  the 
former).  But  by  the  inductive  hypothesis,  all  the  vertices  of  attachment  of  B'  lie  on  some  subpath 
of  P._i,  P._i[i;;;iv+i]  (0  <  j  <  ^'  -  1),  on  P,_^[vy,v'^]  {I  <  j  <  k),  or  on  P,.i[v[;sp{B)].  Hence 
B'  has  all  its  vertices  of  attachment  on  Pi[v'y,  Vj+i]  (0  <  j  <  A:  -  1),  on  P,[fj;  v'^]  (1  <  j  <  k),  or 
onP,K;5p(P)]. 

(3b)  Let  B'  be  an  offensive  .B^-bridge  of  J,  in  G.  Let  sp,{B')  and  tp,{B')  be  the  left-  and 
right-most  vertices  of  attachment  of  B'  on  P, .  then  there  is  an  edge  e  =  [x,y]  included  in  B, 
such  that  X  is  on  P,]sp,{B')\tp,(B')[. 

(t)  B'  has  all  its  vertices  of  attachment  on  P,[5;  t]  \  Pt]v[;  Vk+i[.  Since  5^-bridges  of  J, 
in  G  are  partitioned  (by  (3a)),  all  the  vertices  of  attachment  of  B'  lie  on  some  subpath  Pi[a;  b], 
where  P,[a;6]  is  one  of  P,[vj;v^]  {1  <  j  <  p)  and  Pi[v'j;vj^i]  {0  <  j  <  p  and  j  /  k).  Hence  B' 
is  a  P^-bridge  of  J,_i,  with  all  its  vertices  of  attachment  on  P,_i[a;  b].  If  B'  is  not  an  offensive 
P^-bridge  of  J,_i  then  the  edge  e  is  included  in  some  P^-bridge,  B",  of  J,_i.  Since  B"  has  a 
vertex  of  attachment  at  a;  G  P,_i]a;  6[,  all  its  vertices  of  attachment  lie  on  P,_i[a;  b]  and  hence 
P"  is  a  P^-bridge  of  J,  containing  the  edge  e,  thus  refuting  the  assumption.  Hence  B'  is  an 
offensive  P^-bridge  of  J,_i  and  the  rest  follows  from  the  inductive  hypothesis. 

(n)  P'  has  all  its  vertices  of  attachment  on  P,[v'^;sp{B)]  or  P, [<p(P);  t;;t-i-i],  say  the 
former.  Hence  P'  is  a  P^-bridge  of  J,_i,  with  all  the  vertices  of  attachment  on  Pi^i[v'^;sp{B)]. 
If  P'  is  not  an  offensive  P^-bridge  of  J,_]  then  e  is  included  in  some  P^'-bridge,  P",  of  J,_i. 
Since  P"  has  a  vertex  of  attachment  x  on  P,-i]v[;sp{B)[  all  its  vertices  of  attachment  lie  on 
P,-i[v'i^;vk+i].  Since  P,_i[v'f^;  Vk+i]  =  Piv^-Vk+i]  both  P'  and  P"  are  P^-bridges  of  J  in  G, 
and  unmarked  at  the  end  of  the  (i  -  1)'**  iteration.  If  B"  has  no  vertex  of  attachment  on 
P]sp{B);tp{B)[  then  P"  is  a  P^'-bridge  of  J,,  thus  refuting  the  assumption;  and  if  it  has  a 
vertex  of  attachment  on  P]sp(B);tp(B)[  then  x  G  V,  n  W,.  If,  on  the  other  hand,  P'  is  an 
offensive  P^-bridge  of  J,_i,  then  (3b)  follows,  as  in  (t),  from  the  inductive  hypothesis. 

(iii)  B'  has  all  its  vertices  of  attachment  on  Pi[sp{B);tp{B)].  Hence  x  lies  on 
Pi]sp{By,tp{B)[.  Hence  there  is  a  cross-cut  L[x;z]  of  J,,  between  x  and  a  vertex  z  on  (5]5;<[, 
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where  the  cross-cut  L[x\z]  includes  the  edge  e.  Since  x  G  N{B)  and  2  e  G\B,  L[x;z]  must 
meet  P]sp{B);tp{B)[,  at  some  vertex,  and  an  appropriate  subpath  of  L[x;z],  L[x;z']  meets 
R]sp{B);tp(B)[  only  in  x,  P]spiBy,tp{B)[  only  in  z' ,  and  otherwise  avoids  R[sp(B);tp{B)], 
and  Plsp(B);tp{B)].  Furthermore  L[x;z']  is  a  path  in  Gb-  Hence  5  is  a  ^''-bridge  of  J  with 
at  least  one  vertex  of  attachment  on  P]sp{B)\  tp(B)[. 

If  B'  has  no  vertex  of  attachment  on  R]sp{B);tp{B)[,  then  B'  is  an  unmarked  £^-bridge 
of  J  in  G;  and  the  carrier  of  i?  is  a  subpath  of  the  carrier  of  B' .  Since  B  has  a  vertex  of 
attachment  on  P]sp{B);tp(B)[,  it  also  has  a  vertex  of  attachment  on  P]sp{B')\tp{B')[.  But, 
this  is  impossible,  since  5  is  a  maximal  unmarked  bridge,  by  assumption. 

Hence  B'  has  a  vertex  of  attachment  on  R]sp{B);tp{B)[.  Let  R[sp(B)\tpiB)]  =  P", 
P[sp{B);tp(B)]  =  Q"  and  J"  =  {P"}  U  {Q"}  in  Gb-  Then  B'  is  an  offensive  5^-bridge  of 
J"  in  Gb-  But  by  inductive  hypothesis,  this  is  impossible.        D 

Corollary  4.2  Let  G  be  as  in  the  assumption  3.1.  Let  B^  be  the  set  of  its  B^ -bridges  and  V^ , 
the  set  of  vertices  of  attachment  of  its  B^'^ -bridges  on  P]s\  t[.  Let  P'[s;  t]  be  the  path  returned 
by  the  algorithm  AKAlYZE-BR\DGES{P[s;t],  B^  ,V^)  and  J'  =  {P'}u{Q]. 

1.  P'{s\t\  is  a  simple  path  internally  vertex  disjoint  with  Q[s;t]. 

2.  The  number  of  offensive  B^ -bridges  of  J'  =  0. 

S.   The  number  of  offensive  B'^-bridges  of  J'  =  the  number  of  offensive  B'^  -bridges  of  J. 

PROOF. 

When  the  algorithm  ANALYZE-BRIDGES  terminates  (after  n  iterations  of 'the  mainloop) 
P'[s\  t]  =  P„[5;  t]  and  V„  =  V„  n  H'„  =  0. 

(1)  and  (2)  follow  from  (1)  and  (3b)  of  the  previous  Lemma. 

(3)  Since  P'[s;t]  and  P[s\t]  are  internally  vertex  disjoint  with  Q[s;<],  every  5^-bridge  of 
J'  is  a  ^'^-bridge  of  J  and  vice  versa. 

Let  B  be  an  offensive  P'^-bridge  of  J'.  Then  there  is  an  edge  e  =  [x,y]  included  in  a  5^^- 
bridge  of  J'  such  that  x  is  on  Q]sp{By,tp{B)[.  If  5  is  not  an  offensive  jS'^-bridge  of  J  then  e 
is  included  in  some  ^'^-bridge,  B',  of  J  with  a  vertex  of  attachment  at  x.  But  since  B'  is  also 
a  ^'^-bridge  of  J' ,  this  is  a  contradiction.  The  converse  holds  by  a  similar  argument.        D 

Corollary  4.3  The  paths  P'[s;t]  and  Q'[s;t],  returned  by  the  algorithm  FIND-AMBITUS,  are 
simple  and  internally  vertex  disjoint,  and  J"  =  {P'}  U  {Q'}  is  an  ambitus.        D 
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5      Implementation:   Path-Finding 

In  this  section,  we  present  an  aJgorithm  to  obtain  a  representation  of  the  graph  G  that  allows 
efficient  implementation  of  many  of  the  basic  steps  of  the  cdgorithm.  This  section  is  essentially 
Hopcroft  and  Tarjan's  Algorithm  (1973)[3]  for  planarity-testing,  with  appropriate  modifications. 
The  representation  consists  of  a  palmtree  V  of  the  graph  G,  with  its  tree  edges  and  back  edges 
appropriately  directed  together  with  a  partition  of  the  edges  of  the  graph  into  a  set  of  internally 
vertex  disjoint  simple  paths.  We  also  describe  how  this  representation  will  help  us  to  recursively 
determine  the  paths  in  the  graphs  G  or  Gb  together  with  the  sets  B^  and  V^;  this  representation 
is  also  used  in  finding  the  vertices  of  attachment  of  a  5^-bridge  of  G  or  Gb- 

5.1      Building  the  Palm- Tree 

Let  G  —  {E,V)  be  a  nonseparable  graph,  with  two  distinguished  vertices  5  and  i,  where  G 
satisfies  the  Assumption  3.1.  Let 

P[s\i]     =  rp(=  5),i'p-i,...,i'i,i'o(=  Oi 
and 

Q[s:i]     =  u'o(=  s),iri,...,u',_i,iL',(=  t). 

be  two  internally  vertex-disjoint  paths  in  G  that  meet  each  other  only  in  their  end  vertices. 

Let  $:  E{G)  — ►  N  x  N  be  a  function  defined  on  the  edges  [u,  v]  of  G  as  follows: 

r  (0,0),  if  [u,i']  =  [wq,w{\\ 

H^,v])=l  (0,|V|  +  1),  \i[u,v]£E{J)\{[wo,w,]Y 

\  {\V\  +  1,  \V\  +  1),     if  [u,  t;]  6  E{G)  \  E{J). 

Assume  that  the  graph  G  is  represented  by  adjacency  lists  A{v),  ordered  according  to  increasing 
values  of  $,  under  a  lexico-graphic  ordering.  Since  $([u,  t^]),  for  each  edge  in  G,  can  be  calculated 
in  0(|£|)  time,  and  the  adjacency  lists  can  be  ordered  in  0{\E\)  time,  using  a  stable  radix  sort 
twice,  such  a  representation  can  be  obtained  in  0{\E\)  time.  This  can  be  implemented  as  follows: 
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begin 


end. 


for  I  :=0  to  |\'|  +  1  loop     BL!CKET(i)  :=0; 

for  every  [i',w]  G  E(G)  loop 

SECOND   :=   second(^{[v,U!]))\ 

Add  [v,w]  to  end  of  bucket(second); 
end{loop  }; 

£':=0; 

for  I  :=0  to  |V|  +  1  loop 

for  [i,  u]  e  BUCKET(i)  loop  Add  [v,ii]  to  end  of  £"; 

end{loop  ); 

BI'CKET(!)  ;=0; 
end{loop  }; 

for  [t .  u']  €  £"  loop 

FIRST   ;=  firsi(i{[v,w])); 

Add  [v.  w]  to  end  of  bucket(first); 
endjloop  }; 

for  every  v  6  V'(G)  loop  .4(i')  :=  0; 
for  i:-0  to  |V'|-|-  1  loop 

for  [v,  w]  G  BUCKET(2)  loop  Add  U'  to  the  end  of  A(i'): 
end{loop  }; 

D 


Next,  we  systematicedly  explore  the  graph  using  a  depth-first  search  starting  at  s.  The  DFS 
generates  a  palmtree  V,  and  numbers  the  vertices  by  their  DFS-number  in  the  range  (1..  \V\). 
Henceforth,  we  identify  the  vertices  by  their  DFS-number. 

If  V  is  a  vertex,  then  let  5^  stand  for  the  set  of  vertices  u  reachable  from  a  descendant  of  v 
by  a  single  back  edge.  Let 


and 


low1(d)     =  MlN({i;}  U  5t,), 

LOw2(t;)    =  MlN({r}  U  (5t,  -  {low1(i;)})). 


LOWl(v)  is  the  (first)  lowest  vertex  below  v  reachable  from  a  descendant  of  t;  by  a  single  back 
edge,  and  LOw2(v)  is  the  second  lowest  vertex  below  v  reachable  from  a  descendant  of  u  by  a 
single  back  edge.  By  convention,  low  values  of  v  are  equal  to  v,  if  they  are  not  defined. 

The  LOW  values  of  a  vertex  v  depend  only  on  the  low  values  of  children  of  v  and  on  the 
back  edges  leaving  v — thus  it  is  easy  to  calculate  low  values  by  appropriately  modifying  DFS 
algorithm,  (see  Path-finder  algorithm  in  Hopcroft  and  Tarjan  (1973)[3]  and  (1974)[4]). 

We  make  the  following  observations: 

1.  The  ordering  induced  by  $  ensures  that  the  DFS  visits  the  vertices  of  P  and  Q  before  it 
enters  any  of  the  bridges  of  J,  and  that  the  edge  [vp_i,Vp]  is  a  back-edge  and  all  other 
edges  of  J  are  tree-edges. 
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Figure  5:  The  Graph  G. 


2.  After  the  DFS  each  of  the  edges  is  directed;  the  tree  edges  are  directed  from  a  smaller 
vertex  to  a  larger  vertex  and  the  back  edges  from  a  larger  vertex  to  a  smaller  vertex.  Thus 
each  edge  appears  once  in  the  adjacency  lists  of  V.  If  u  — >  f  is  an  edge  of  V  then  by 
convention,  $(u  —>  v)  =  ^([u,v]). 

In  the  next  step,  we  use  a  second  depth-first  search,  carried  out  in  a  special  order,  to  divide 
the  graph  into  a  set  of  simple  paths  which  may  be  assembled  in  order  to  build  the  ambitus.  To 
generate  paths,  we  sort  the  adjacency  lists  oi  V  according  to  the  LOW  values.  For  this  purpose, 
we  define  a  function  $:  E{G)  -+  N  X  N,  on  the  edges  u  — >  f  of  'P  as  follows: 


and 


$'(u  — >  v) 


$(m 


{v,u), 
(LOWl(r),u), 


if  u  — >  r  is  a  back  edge; 
if  u  — >  t;  is  a  tree  edge  and 

LOw2(v)  >  u; 
(LOWl(t;),LOw2(i')),    if  u  — <•  I'  is  a  tree  edge  and 

LOw2(t;)  <  u. 


MI 


N  f$'(u  -^  v),${u  -►  v))  , 


where  MIN  is  taken  with  respect  to  the  lexicographic  ordering. 

We  calculate  $(i/  -^  v)  for  each  edge  u  —*  v  o{  V  and  order  the  adjacency  lists  according 
to  increasing  values  of  $  (under  a  lexicographic  ordering),  using  a  stable  radix  sort  twice  to 
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Figure  6:  The  palm  tree  V  of  G. 


achieve  an  0(|£'|  +  \V\)  time  bound.  The  algorithm  is  similar  to  the  one  described  earlier  with 
$  replaced  by  $. 

Now  we  generate  paths  by  applying  depth-first  search  to  "P,  using  the  new  adjacency  lists. 
Each  time  we  traverse  a  tree  edge  we  add  it  to  the  path  being  built.  Each  time  we  traverse  a 
back  edge,  the  back  edge  becomes  the  last  edge  of  the  current  path.  The  next  stage  starts  a  new 
path.  Thus  each  path  consists  of  a  sequence  of  tree  edges  followed  by  a  back  edge.  Since  each 
path  is  completely  built  before  the  next  stage  with  a  new  path  is  started,  the  order  in  which  the 
paths  are  generated  induces  a  linear  order  among  the  paths.  Furthermore,  the  edges  E{G)  of 
the  graph,  G,  are  partitioned  into  a  set  of  internally  vertex  disjoint  simple  paths;  this  partition 
of  E{G)  is  represented  by  associating  with  each  edge  u  — «•  i;  of  P,  PATH(u  — >  v),  the  unique  path 
containing  the  edge.  To  accomplish  this,  we  use  the  following  steps: 
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Algorithm  PATH-FINDER(u); 

begin 

for  V  €  A{u)  loop 

if  u  — ►  1)  is  a  tree  edge    then       ^^ 
L  :—  L  *  [u ,  v]; 
PATh(u  — >  v)  :=  L; 

PATH-FINDER(t)); 
elsif  u  — ♦  t)  is  a  back  edge    then 
L  :—  L  *  [u,  v]; 
PATH(u  — >  v)  :-  L; 

(*    This  completes  the  generation  of  the  path  L    *) 
L  :=  null  path; 
end{if  }; 
end  {loop  }; 
end{PATH-FINDER)       D 

Algorithm  MAIN-PATH-FINDER(P): 

begin 

L  :=  null  path; 

PATH-FINDER(tO; 

end{MAIN-PATH-FINDER}       D 


The  algorithm  PATH-FINDER  requires  Odf"!)  time  to  find  the  paths  in  the  graph  G  =  (V,E); 
the  total  number  of  edges  added  to  paths  is  0(|V'|  +  \E\),  and  PATH-FINDER  is  just  a  depth-first 
search  with  a  few  additional  operations  to  construct  paths. 

Lemma  5.1   Let  L  be  the  first  path  found  by  the  algorithm  path-finder.     Then  L  =  J  = 

{P}^{Q}- 

PROOF. 

Since  $([5,u;i])  =  (0,0),  $([5,u'i])  <  $([u',v']),  for  every  edge  [u',v']  6  EiG)\  {[wo,Wi]], 
and  s  —t  wi  is  the  first  tree  edge  of  L.  If  [u,v]  is  an  edge  of  7,  other  than  [5,ti)i],  then 
<^{[u,v])  <  ^{[u',v'])  for  every  edge  [u',v']  G  E{G)  \  E{J),  and  hence  L  =  J  =:  s{=  wq)  -^ 
■u)^  —,  . . .  ^  Wg^i  — >  'Wg{=  vo  =  t)  —*  vi  —^  ■  ■  ■  —>■  Vp-i  —>  s{=  Vp),  where  all  but  the  last  edge 
t^p-i  — ►  Vp  are  tree  edges.        D 


Lemma  5.2  Let  L[f]l]  be  a  path  found  by  the  algorithm  PATH-FINDER.   If  L  is  not  the  initial 
path  then 

1.  L  is  a.  simple  path. 

2.  L  cont&ins  exactly  two  vertices  (f  and  I)  in  common  with  previously  generated  paths. 

3.  If  we  consider  the  back  edges  not  yet  used  when  the  first  edge  of  L  is  traversed,  then  I  is 
the  lowest  vertex  reachable  via  such  a  back  edge  from  any  descendant  of  f. 

4-  If  V  G  L]f\l[  then  I  is  the  lowest  vertex  reachable  from  any  descendant  of  v  via  any  back 
edge. 
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J    =   Li 


14 


Figure  7:  The  paths  in  V. 


PROOF. 


(3)  and  (4)  are  immediate  consequence  of  the  ordering  of  the  adjacency  lists.  (1)  and  (2) 
follow  from  (3)  and  (4),  the  properties  of  dfs  algorithm  and  the  fact  that  V  is  nonseparable. 
(See  Hopcroft  and  Tarjan  (1973)[3])      D 

Definition  5.1  Segments. 

Let  J  be  the  cycle  in  G.  When  J  is  removed,  G  falls  into  several  connected  pieces,  called 
segments  of  J  in  G.  Each  segment,  5,  consists  either  of  a  single  back  edge  e  -  u  —^  v,oi  of  a  tree 
edge  e  =  u  —^  V  plus  a  subtree  with  root  at  v  plus  all  back  edges  leading  from  the  subtree — here, 
u  6  V{J).  We  say  that  the  segment,  5,  is  associated  with  the  edge  e. 

Let  S'  be  a  segment  associated  with  an  edge  e'  =  w'  — >■  v'.  Let  L  =  path(w'  — >■  v').  If 
S'  consists  of  the  single  back  edge  e'  then  the  set  of  segments  of  L  in  S'  is  empty.  Otherwise, 
S'  consists  of  the  tree  edge  e'  plus  a  subtree  with  root  i''  plus  all  back  edges  leading  from  the 
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subtree.  When  L  is  removed,  S'  falls  into  several  connected  pieces,  called  the  segments  of  L  in 
S'.  Each  segment,  5,  consists  either  of  a  single  back  edge  e  =  u  -^  r,  or  of  a  tree  edge  e  =  u  -*  v 
plus  a  subtree  with  root  at  v  plus  all  back  edges  leading  from  the  subtree — here,  u  £  V{L).  We 
say  that  the  segment.  5,  is  associated  with  the  edge  e. 

Note  that  the  definition  of  a  segment  is  recursive,  and  is  based  on  the  structure  of  the 
palm-tree.        D 

5.2  0-Graph  and  its  Bridges. 

The  following  definition  will  be  useful  in  the  next  subsection. 

Definition  5.2  Let  J  =  {P[s\  t]  UQ[s;  t]]  be  a  cycle  in  G.  Let  R[x;  y]  be  cross-cut  of  J  between 
X,  an  internal  vertex  of  Q.  and  j/,  an  internal  vertex  of  P.  The  subgraph,  0  =  {J}  U  {R},  of  G, 
is  called  a  Q- Graph  in  G.  A  bridge  5  of  0  in  G  is  a 

1.  5^-BRlDGE,  KB  ias  at  least  one  vertex  of  attachment  on  P]s;t[,  but  none  on  Q]s;<[  or 
R]x;y[. 

2.  ^'^-BRIDGE,  if  B  has  at  least  one  vertex  of  attachment  on  Q]s;t[,  but  none  on  P]s;/[  or 
R]x;y[. 

3.  B^-BRIDGE,  if  B  has  at  least  one  vertex  of  attachment  on  R]x;y[.  but  none  on  P]s;t[  or 
Q]s;t[. 

4.  ^'^'^^-BRIDGE,  if  B  has  at  least  one  vertex  of  attachment  on  each  of  the  two  or  more  out 
of  the  three  subpaths:  P]s;  t[,  Q]s;  t[  and  R]x;  y[. 

Notice  that  the  5^-bridges  of  6  are  i?^-bridges  of  J,  and  if  V@  =  the  set  of  vertices  of 
attachment  of  the  5^<?^-bridges  of  0  on  P]s;  y[  and  P]y\  t[  then  V^  =  V©  U  {y}  =  the  set  of 
vertices  of  attachment  of  the  B^^-hridges  of  J  on  P]s;  t[.        D 

5.3  Using  the  Palm- Tree 

Next  we  describe  how  the  palm  tree  can  be  used  to  find  paths  and  bridges  of  the  graphs  qiiickly, 
in  a  recursive  manner.  Also,  we  classify  5^-bridges  into:  (t)  Normal  B^ -bridges  and  (ti)  Special 
B  -bridges,  and  use  this  classification  in  the  recursive  application  of  the  algorithm,  since  the 
bridges  of  different  classes  have  to  be  treated  somewhat  differently. 

(1)  The  Basis  Step. 
By  Lemma  5.1,  the  first  path  found  by  the  path-finder  is  path(5  —^wi)  =  J,  the  cycle 
consisting  of  the  tree  edges  s  -^  wi  -*  ■  ■  ■  -*  uj,_i  -,  t  -^  vi  -^  ■  ■  ■  ->  Vp^i  and  the  back  edge 
Vp-i  — »  s,  where 

5  <  U^i    <   •  •  •  <   tt),_i    <  <  <  Ui    <   •  •  •  <  Vp^i . 

Notice  that  every  bridge  of  J  in  G  is  a  segment  of  J  in  G.  Let  u  be  a  vertex  on  P]s;  <[,  and 
e  =  u  -^  vhe  an  edge,  not  belonging  to  P.  Let  B  be  the  bridge  of  J  in  G,  equal  to  the  segment 
associated  with  e. 

If  e  is  a  back  edge  and  s  <  v  <  t  then  5  is  a  degenerate  5^^ -bridge.  If  e  is  a  tree  edge 
and  s  <  LOWl(t')  <  i,  or  s  <  LOw2(i')  <  t  then  B  is  a  proper  fi'^'^-bridge.    Otherwise,  B  is 
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Figure  8: 


a  5^-bridge.   If  a  £^-bridge  B  has  a  vertex  of  attachment  at  s  then  it  is  said  to  be  a  Special 
B^ -bridge;  otherwise,  a  Normal  B'^ -bridge. 

If  B  is  5^-bridge  then  we  can  also  obtain  some  additional  informations  about  the  bridge 
based  on  the  low  values  of  v. 

•  Let  e  be  a  back  edge. 

\i  V  >  t  then  the  left-  and  right-most  vertices  of  attachment  of  B  are  u  and  f,  respectively. 
In  this  case,  all  the  edges  of  the  carrier  of  B  are  tree  edges,  and  B  is  a  Normal  B^ -bridge. 

Mv  =  s  then  the  left-  and  right-most  vertices  of  attachment  of  J5  are  s  and  u,  respectively. 
In  this  case,  all  but  the  last  edge  of  the  carrier  of  B  are  tree  edges,  5  is  a  Special  B^ -bridge. 

B  is  degenerate  and  hence,  has  exactly  two  vertices  of  attachment. 

•  Let  e  be  a  tree  edge. 

If  LOWl(i')  >  t  then  the  left-  and  right-most  vertices  of  attachment  of  5  are  u  and  LOWl(t;). 
respectively.  In  this  case,  all  edges  of  the  carrier  of  B  are  tree  edges,  and  .6  is  a  Normal 
B^  -bridge. 

If  LOWl(i>)  =  5  then  the  left-  and  right-most  vertices  of  attachment  of  B  are  s  and 
MIN(?i,  LOW2(u)),  respectively.  In  this  case,  all  but  the  last  edge  of  the  carrier  oi  B  are 
tree  edges,  and  B  is  a  Sjxcial  B^ -bridge. 

B  is  proper  and  if  LO\v2(i')  >  u  then  B  has  exactly  two  vertices  of  attachment;  otherwise, 
B  has  three  or  more  vertices  of  attachment. 
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Figure  9: 


From  the  above  obser\'ations.  it  is  easy  to  see  that  the  sets  B^  and  V^  can  be  computed 
fast.  In  order  to  compute  the  V^.  we  simply  traverse  the  edges  of  the  jB^*^ -bridges. 

(2a)  The  Induction  Step:  Normal  5^-bridge. 
Let  B'  be  a  normal  B^-bridge.  with  its  left-  and  right-most  vertices  of  attachment  at  s'  and  t', 

respectively.   Let  vertices  of  attachment  of  B'  be  Xq,  x[, x'„  such  that  Iq  <  ij  <  •  •  •  <  x'^, 

where  n  =  1,  if  5'  is  degenerate,  and  rj  >  1.  if  5  is  proper. 

The  carrier  of  B'  can  be  written  as  Q'[x'o:  x'^]  =  x'q  ^  w[  ^  ■  ■  ■  -^  u-^_i  —  x'„.  where  all  the 
edges  of  Q'  are  tree  edges,  and  x'o  <  w[  <  ■  ■  ■  <  u-J_j  <  x'„.  Let  Gb-  =  {E{B')  U  E{Q')).  In  this 
case,  either  s'  =  x'q  and  t'  =  x'^,  or  s'  =  x'^  and  t'  =  x'q. 

•  If  B'  is  degenerate  then  B'  is  a  back  edge  x[  —  x'q.  Let  P'[ii;io]  =  PATH(a-i  —  x'q)  = 
xi  ^  x'q. 

•  If  5'  is  proper  then  B'  consists  of  the  tree  edge  x'^  —  v[  plus  a  subtree  with  root  t'J  plus 
aD  back  edges  leading  from  the  subtree.  LOWl(i;{)  =  x'q.  Let  P'[x'^\x'q]  =  path(i;,  —  v[) 
=  ^^'n  -^  f{  —  •  •  •  —  ip_i  —  x'q.  where  all  but  the  last  edge  v'j,_i  -~  x'q  are  tree  edges,  and 
x'^<v'i<---<  r;_i.  By  Lemma  5.2(3)  and  (4)  =  LOWl(vJ)  =  ■..=  LOWl(i/_i)  =  x'q. 

J'  =  {<?'}  U  {P']  is  a  cycle  in  Gb'-  consisting  of  the  tree  edges  Iq  —  u-J  —  ■  •  ■  —  u-'  j  -^ 
^'r,  —  fj  —  •  •  •  —  rp_j  and  a  back  edge  fp.j  —  x'q. 


xq<'w'^<---<  u-;_i  <  x;  <  i:;  < 


<  I 


p-i- 


Hence  the  analysis  of  paths  and  bridges  of  Gb'  can  be  done  in  a  manner  identical  to  the  basis 


case. 


(2b)  The  Induction  Step:  Special  5^-bridge. 

Let  B'  be  a  special  fi'^-bridge.  with  its  left-  and  right-most  vertices  of  attachment  at  s'  and  f', 
respectively. 
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s'    =   xl 


Figure  10: 


f  CaseI).    First,  assume  that  B'  has  exactly  two  vertices  of  attachment:   x'q  and  x[  such 
that  x'q  <  x'j. 

The  carrier  of  B'  can  be  written  as  Q'[x[\x'q]  =  x[   —   u'J   — *   •  •  •  — ►  w'„_i    -^  x'n.  where 
all  but  the  last  edge  ti-^_i 
Gb-  =  {E{B')UE(Q')). 


9-1 


x'q  are  tree  edges,  and  x'q  <   x'^    <   w'^    <    ■  ■  ■  <   w' 


9-1- 


Let 


If  B'  is  degenerate  then  B'  is  a  back  edge  xj  —  x'q.    Let  P'[x'^;x'q]  =  path(ii  -^  x'q)  = 


0- 


If  B'  is  proper  then  B'  consists  of  the  tree  edges  Xj  —  v'-^  plus  a  subtree  with  root  r{ 
plus  all  back  edges  leading  from  the  subtree.  LO\vl(ri)  =  x'q.  Let  P'[x'^-,x'q]  =  PATH 
(x'j  —  rj)  =  i^  —  rj  —  . . .  _  r^_j  _  x'q.  where  aU  but  the  last  edge  rp_i  —  x'q  are 


tree  edges,  and  Xj  <  rj  < 
LOWl(f;_i)  =  x[,. 


<  Vp_i.    By  Lemma  5.2(3)  and  (4)  =  LOWl(r;)  = 


J'  =  {Q'}  U  {-P'}  is  a  cycle  in  Gg'.  consisting  of  the  tree  edges  ij  — ♦  u-J  ^  ■  •  •  — ►  u-J_i  and 
ij  —  i'{  —  •  •  •  —  rp_i.  and  back  edges  u-^_j  —  x'q  and  rp_i  —  ig.  In  this  case  all  the  bridges 
of  J'  in  Gb'  are  ^'^-bridges.  The  analysis  of  paths  and  bridges  of  Gb'  can  be  done  in  a  manner 
similar  to  the  basis  case. 

(Case2).  Next,  assume  that  B'  has  three  or  more  vertices  of  attachment:  x'q.  x'^.  . . ., 
I  J,  such  that  Xq  <  x'l  <  ••■  <  x|,,.  Hence.  B'  is  a  proper  bridge,  with  its  left-  and  right-most 
vertices  of  attachment  at  5'  and  t'. 

The  carrier  of  B'  can  be  written  as  Q'[x'^:x'q]  =  Xj  —  u-j  —  •  •  •  —  u-^_i  —  x'q.  where  all  but 
the  last  edge  u-^_i  —  x'q  are  tree  edges.  Let  Gb-  =  {E(B')  U  E(Q')).  In  this  case,  either  s'  =  x'q 
and  /'  =  Xj.  or  s'  =  Xj  and  1'  =  x'q — without  loss  of  generality,  assume  the  former. 

Hence  B'  consists  of  a  tree  edge  x^  —  i-j  plus  a  subtree  with  root  at  v{  plus  aU  back  edges 
leading  from  the  subtree.    Lowl(rj)  =  x'q  and  LO\v2(rJ)  =  Xj.    Let  Li  =  path(x'„  --  r{)  = 
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s'     «    X'o 


W  4 


X   5 


W3=X'4         W2=X3  Wi=x' 


Figure  11: 

x'n(=  v'(^)  -*  v[  ^  ■  ■  •  -^  t^-i  -^  2;o(=  ^m)'  wheie  all  but  the  last  edge  I'^-i  ^  x'q  are  tree 
edges,  and  x'^  <  v{  <  ■  ■  ■  <  f^,_i.  Let 

2/  -  MAX  ({i','  I  1  <  ?■  <  m  -  1  and  LOw2(i',')  =  x'j })  . 

For  all  1  <  i  <  m  -  1,  if  Uj  <  3/  then  LOw2(t>j)  -  ij,  and  \i  v'^  >  y  then  LOw2(t;j)  >  x{. 
Let  S  be  the  segment  of  Zj  in  5'  such  that  one  of  the  following  two  holds: 

•  S  consists  of  a.  back  edge  y  —  x\.  Let  L2  =  ?ATH{y  — '  x[)  =  y(=  Uq)  — »•  x[{=  u\). 

•  5  consists  of  a  tree  edge  y  —  v[  plus  a  subtree  with  root  at  u[  plus  a,ll  back  edges 
leading  from  the  subtree,  and  LOWl(ui)  =  x'j.  Let  L2  =  PATH(y  — ♦  u\)  =  y(=  Uq)  — • 
u'l  — »  •  •  •  — ♦  uj_j  — ►  x[{=  uj),  where  all  but  the  last  edge  uj_j  —  x[  are  tree  edges,  and 
y  <  u\  <  ■■■  <  u'i_-i.  Lowl(u^)  =  •  ■  ■  =  LOwl(uJ_j)  =  x'j. 

Let  P'[x'o;  x\]  =  (L,[y:  x'o\)^*L2[y:  x[].  J'  =  {P'}U{Q']  is  a  cycle  in  Gb'  and  R'  =  Li[x',;  y], 
a  cross-cut  of  J'  between  x'^  (an  internal  vertex  of  Q')  and  y  (an  internal  vertex  of  P'.)  0'  = 
{J'}  U  {R'}  is  a  0-graph  in  Gb'- 

Lemma  5.3   Let  B'  he  a  special  bridge  with  three  or  more  vertices  of  attachment  and  L\,  L2, 
J'  and  6',  as  defined  earlier.   Then 

1.  Li  and  L2  are  well-defined. 

2.  If  B  is  a  bridge  of  Q'  in  Gb'  with  a  vertex  of  attaciiment  on  P']x'q;x'i[  then  all  its  vertices 
of  attachment  on  P'  lie  either  on  P'[x'q;  y]  or  on  P'[y;x[]. 

PROOF. 


(1)  By  Lemma  5.2  Li  exists.  We  show  that  L2  also  exists.  Assume  to  the  contrary. 
Let  2i,  22,  . . .,  2r  be  the  adjacency  list  A{y)  of?/,  ordered  by  the  increasing  values  of  $.  Since 
B'  has  three  or  more  vertices  of  attachment,  r  >  1.  If  ?/  —  sj  is  a  back  edge  then  zi  =  x'q,  and 
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if  y  — ►  zi  is  a  tree  edge  then  LOWl(2i)  =  x'q  and  LOw2(zi)  >  x\.  Hence,  for  every  1  <  j  <  r,  if 
y  —^  Zj  is  a  back  edge  then  either  z^  =  x'q  or  Zj  >  x[,  and  if  j/  — ►  2j  is  a  tree  edge  then  either 
LOWl(2j)  =  x'q  and  LOw2(rj)  >  ij  or  LOWl(z_,)  >  I'j.  Hence  LOw2(2/)  >  x'^,  thus  resulting  in  a 
contradiction. 

(2)  Let  £  be  a  bridge  of  0'  in  Gb'  with  a  vertex  of  attachment  on  P']a;o;xj[.    Let  the 
vertices  of  attachment  of  B  be  xq,  xi,  . . .,  Xn  such  that  iq  <  2:1  <  •  •  •  <  i„. 

Let  Xn  —  y-  Then  i?  is  a  segment  of  ij  in  B'  with  its  highest  numbered  vertex  of  attachment 
at  y,  and  hence,  has  no  vertex  of  attachment  on  Xi]2/;io[  or  on  L2]y^■,x'■^[.  If  B  had  vertices  of 
attachment  at  x'q  and  Xj  then  B  would  consist  of  a  tree  edge  y  — >  u  plus  a  subtree  with  root  at 
V  plus  all  back  edges  leading  from  the  subtree,  where  low1(d)  =  x'q  and  LOw2(t))  =  I'j.  But  by 
the  definition  of  y,  and  the  DFS  order  of  the  palm  tree,  V,  this  is  impossible. 

Let  Xn  =  v'^  >  y,  {\  <  j  <  m  -  I).  Then  5  is  a  segment  of  L\  in  B'  and  hence  has  no  vertex 
of  attachment  on  Z-2]y;Xi[.  Since  LOw2(t;j)  >  Xj,  B  does  not  have  a  vertex  of  attachment  at  Xj. 

Let  Xn  =■  u'j  >  y,  {\  <  j  <  I  —  \).  Then  5  is  a  segment  o^  L2  in  5  and  hence  has  no  vertex 
of  attachment  on  Xijy;  Xo[.  Since  LOWl(Uj)  =  Xj  >  Xg,  B  does  not  have  a  vertex  of  attachment 

at     Xq.  D 

Notice  that  every  bridge  of  Q  in  Gb'  is  either  a  segment  of  Li  in  B' ,  other  than  5,  or  a 
segment  of  L2  in  S.  Let  u  be  a  vertex  on  P']x'q\  Xj[,  and  e  =  w  — *  i;  be  an  edge,  not  belonging 
to  P' .  Let  5  the  bridge  of  Q  in  Gb',  equcd  to  the  segment  associated  with  e. 

If  e  is  a  back  edge  and  x'-^  <  v  <  y  then  5  is  a  degenerate  ^^'^''-bridge.  If  e  is  a  tree  edge 
and  x'l  <  Lowl(t')  <  y,  or  x'j  <  LOw2(i')  <  y  then  5  is  a  proper  B^'^^-bridge.  Otherwise,  B  is 
a  B^-bridge.  If  a  5^-bridge  B  has  a  vertex  of  attachment  at  Xq  or  at  Xj  then  it  is  said  to  be  a 
Special  B^ -bridge;  otherwise,  a  Normal  B^ -bridge. 

If  B  is  £  -bridge  then  we  can  also  obtain  some  additional  informations  about  the  bridge 
based  on  the  low  values  of  v. 

•  Let  e  be  a  back  edge. 

If  ti  =  v'j  >  y  (1  <  j  <  m  -  1)  and  v  >  y  then  the  left-  and  right-most  vertices  of 
attachment  of  B  are  u  and  v,  respectively.  Ifu  =  u^  >  y  {I  <  j  <  I  -  I)  and  v  >  y  then 
the  left-  and  right-most  vertices  of  attachment  of  B  are  v  and  u,  respectively.  In  either 
case,  all  the  edges  of  the  carrier  of  B  are  tree  edges,  and  5  is  a  Normal  B^ -bridge. 

M  u  -  v'^  >  y  (0  <  j  <  m  -  1)  and  v  -  x'q  then  the  left-  and  right-most  vertices  of 
attachment  of  B  are  x'q  and  u,  respectively,  li  u  =  u'^  >  y  {0  <  j  <  I  -  1)  and  v  =  Xj  then 
the  left-  and  right-most  vertices  of  attachment  of  B  are  u  and  x'j .  In  either  case,  all  but 
the  last  edge  of  the  carrier  of  B  are  tree  edges,  5  is  a  Special  B^ -bridge. 

B  is  degenerate  and  hence,  has  exactly  two  vertices  of  attachment. 

•  Let  €  be  a  tree  edge. 

li  u  =  v'^  >  y  (1  <  j  <  m  -  1)  and  LOWl(i;)  >  y  then  the  left-  and  right-most  vertices 
of  attachment  of  B  are  u  and  LOWl(j;),  respectively.  If  u  =  u'  >  y  (1  <  j  <  /  -  1)  and 
LOWl(r;)  >  y  then  the  left-  and  right-most  vertices  of  attachment  of  B  are  LOWl(i;)  and 
u,  respectively.  In  either  case,  all  the  edges  of  the  carrier  of  B  are  tree  edges,  and  5  is  a 
Normal  B    -bridge. 
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li  u  =  v'  >  y  {0  <  J  <  m  -  1)  and  LOWl(t;)  =  x'q  then  the  left-  and  right-most  vertices 
of  attachment  of  B  are  Jq  and  MlN(u,  LOw2(f)),  respectively.  U  u  =  u'^  >  y  {0  <  j  < 
I  -  1)  and  Lowl(i')  -  x\  then  the  left-  and  right-most  vertices  of  attachment  of  B  are 
MlN(u,LOW2(r))  and  x[.  In  either  case,  all  but  the  last  edge  of  the  carrier  of  B  are  tree 
edges,  5  is  a  Special  B^ -bridge. 

B  is  proper  and  if  LOw2(i')  >  u  then  B  has  exactly  two  vertices  of  attachment;  otherwise, 
B  has  three  or  more  vertices  of  attachment. 

From  the  above  observations  and  the  Definition  5.2,  it  is  easy  to  see  that  the  sets  B^  and 
V^  can  be  computed  in  linear  time.  In  order  to  compute  the  V©,  we  simply  traverse  the  edges 
of  the  ^■'''^^-bridges,  with  a  vertex  of  attachment  on  P]s;t[. 

6      Implementation:  The  Auxiliary  Data  Structure 

In  this  section  we  present  a  data  structure  for  the  set  6^  and  V^,  generated  at  each  recursive 
call  to  the  algorithm  analyze-BRIDGES.  The  main  function  of  the  data  structure  is  to  allow 
fast  implementation  of  the  steps  Find-and-Update  of  the  algorithm  analyze-BRIDGES. 

6.1      The  Data  Structure 

Assume  that  we  are  given  the  path  L,  the  sets:  B^  and  V^,  and  for  each  bridge  B  oi  B^,  its  left- 
and  right-most  vertices  of  attachment,  and  whether  it  has  three  or  more  vertices  of  attachment. 
We  describe  a  data  structure  that  supports  the  following  operation: 

6.1  The  OPER.A.TION  Supported  by  the  Data  Structure. 

•  Find-and-Update: 

Choose  a  Pair  {v,B),  where  v  £  V'  and  5  =  an  unmarked  bridge,  maximally  covering  t;, 

if  such  a  bridge  exists;  B  =±,  otherwise.  Remove  v  from  V. 

Let    B'     C     B      be    the    set    of   bridges,    whose    carriers    intersect    with    the    subpath 

L]sL{B)]tLiB)[.      An   unmarked   bridge  in   B'  \  {B}    has   a  vertex  of  attachment  on 

L]sL{B);tL{B)[;  add  its  vertices  of  attachment  to  V.    Mark  all  the  unmarked  bridges 

ofB'. 

Initially,  the  data  structure  contains  the  sets:  V{L[s;t]),  V^  and  B^,  with  all  the  bridges  of  B^ 
unmarked.      D 

We  define  the  one-dimensional  closed  (integral)  interval  from  x  to  y, 

[x;  2/]  =  {«■  €  N  I  I  <  t"  <  J/},       where  x,y  eN  and  x  <  y, 

as  the  set  of  all  integers  between  the  integer  x  and  the  integer  y.  including  x  and  y.  Similarly, 
the  open-closed,  closed-open  and  open  intervals  from  x  to  y,  are  defined  as: 

open-closed  interval  from  x  to  y  =]x;y]  =  {t  G  N  |  x  <  i  <  y}, 

closed-open  interval  from  x  to  y  =  [x;  y[  =  {i  £  N'  \  x  <  i  <  y] 
and 

open  interval  from  x  to  y  =]x;y[  =  {i  e  "N  \  x  <  i  <  y). 
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Henceforth,  the  term  interval  collectively  refers  to  all  such  intervals,  since  the  ambiguity  can  be 
easily  resolved  by  our  notation. 

An  interval  [i,;2/,]  is  a  subinterval  of  the  interval  [xj'-,yj].  i-C-,  [2:,;j/,]  C  [ijij/j],  if  x,  >  Xj 
and  j/i  <  1/j,  and  a  strict  subinterval,  i.e.,  [x,;j/,]  C  [xj;yj],  if  either  of  the  inequalities  is  strict. 
The  subinterval  relation  is  extended  to  half-open  or  open  intervals  in  a  natural  way. 

Hence,  any  closed  interval  [x;y]  C  [l\k]  can  be  visualized  as  a  grid-point  (x,y)  in  &  k  x  k 
square,  [l\k]  x  [1;A-].  Because  x  <  y.  this  representative  point  must  lie  on  or  above  and  to  the 
left  of  the  diagonal  line  x  =  y.  A  set  of  subintervals  of  [1;  k]  can  thus  be  visualized  as  a  set  of 
points  in  the  upper  left  half  triangular  region,  {(x,y)  \l<x<y<,k],  of  the  k  x  k  square. 

Let  p,  =  (a:,,?/j)  and  pj  =  (x^,  2/j )  be  two  distinct  points  in  the  upper  left  half  region  excluding 
the  diagonal  line.  Then 

p,  y  pj   (or  pj  <  p,).  if  X,  >  Xj,  or  x,  =  Xj  and  y,  <  y-,. 

The  relation  >  defines  a  linear  order.  Let  P  =  {p,  =  (xi,2/i),p2  =  (x2,2/2),  ••-,?«  =  {xn.yn)]  be 
a  sequence  of  n  distinct  points  in  the  upper  left  half  region  excluding  the  diagonal  line,  ordered 
by  the  y  relation. 

L  The  point  p,  G  P  covers  a  point  (u,u)  on  the  diagonal  line,  if  x,  <  u  and  y,  >  u\  and  p, 
immediately  covers  {u,v),  if,  in  addition,  no  pi  E.  P  such  that  p;  >-  p,,  covers  (u,u}. 

2.  The  point  p,  £  P  covers  a  point  Pj  6  P,  if  x,  <  x^  and  y,  >  yj\  and  p,  immediately  covers 
Pj,  if,  in  addition,  no  p/  6  P  such  that  pi  y  p,,  covers  Pj. 

3.  The  point  p,  £  P  l-interlaces  (i.e.,  interlaces  from  left)  with  the  point  pj  £  P,  if  x,  <  Xj 
and  Xj  <  y,  <  y^;  and  p,  immediately  l-interlaces  with  p_,,  if  in  addition,  p,  l-interlaces 
with  no  p/  G  P  such  that  p;  -<  Pj. 

The  immediate  cover  relation  defines  a  forest  structure  among  the  points  of  P  and  the  points  of 
the  diagonal  line;  and  father(9)  =  p  in  the  trees,  if  p  immediately  covers  q. 

Also,  with  each  point  p  E  P,  we  associate  a  rectangular  region,  R{p)  as  follows: 

j>i   \  -  I  [^(9)!  ^]  ^  [^(9);  ^\i     if  9  immediately  covers  p; 
^^'  ~  1  [1;  k]  X  [l;k],  Otherwise. 

6.2  The  Schematic  Representation  of  the  Data  Structure. 

Let  Vi(=  s),  i'2,  . . .,  Vk{=  t)  be  the  sequence  of  vertices  of  the  path  L[vi;  Vk],  ordered  from 
left  to  right.  From  now  on,  we  assume  that  each  vertex,  v^  is  identified  by  its  index  u.  Hence 
the  vertex  u'  is  to  the  left  0/ the  vertex  u",  if  u'  <  u" ,  and  u' ,  strictly  to  the  left  of  u" ,  if  the 
inequality  is  strict.  Hence,  the  path  L  can  be  represented  by  the  interval  [1;^'],  and  a  subpath 
L[x\  y]  {\  <  X  <  y  <  k)  oi  L,hy  the  interval  [x;  y]. 

•  X[5;<]:  Each  vertex  u  of  L  has  its  representative  point  (u,u)  on  the  diagonal  line.  This 
representation  can  be  easily  built  in  time  linear  in  \L[s;t]\,  the  length  of  the  path. 

•  B^:  Let  the  set  of  bridges  B^  be  partitioned  into  the  classes,  Bi,  B2.  . . .,  B„  where  each 
class  contains  the  bridges  with  same  carrier  on  L.  Each  such  set  of  bridges  B,  C  B^,  with 
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the  same  carrier  L\xt\y^\,  (x,  <  j/,),  has  its  representative  point  p,  —  {x,,y,)  above  and 
to  the  left  of  the  diagonal  line.  We  also  say,  x{p,)  =  i,,  y{p,)  —  t/,  and  B(p,)  =  B,.  Let 
P  —  {Pii  P2.  •  •  ••>  Pn}  be  the  set  of  representative  points  of  Bi,  B2,  . . .,  B^,  ordered  by  the 
>-  relation.  With  each  point  p,.  there  is  a  flag  M.A.RK.  which  is  TRUE,  if  all  the  bridges  of 
B(p,)  are  marked:  otherwise  FALSE.  Initially,  all  the  flags  have  the  truth  value  FALSE. 
Since  we  know  the  left-  and  right-most  vertices  of  attachment  of  every  bridge  B  £  B^ ,  this 
representation  can  be  obtained  in  time  linear  in  \L\s;t\\  +  \B^\-  We  use  stable  radix  sort 
to  achieve  this  bound. 

1.  The  forest  F  is  the  structure  induced  by  the  immediate  cover  relation  over  the  points 
on  the  diagonal  line  and  the  points  of  P. 

Associated  with  each  point  p  £  P,  there  is  a  sequence,  left{p),  of  points  p\,  p'2,  ■  ■  ■,p'm 
immediately  1-interlacing  with  p  such  that  for  all  I  <  i  <  m,  p\  immediately  covers 
p'^j.  Further,  if  q  immediately  covers  p  then  q  also  immediately  covers  p\. 

2.  Associated  with  each  point  (u.u),  there  is  a  set,  above{{u,u))  =  {p\,  p'j,  . . .,  p^}  such 
that  u  =  x(p'i)  =  j-(p'2)  =  ...  =  x{p'^). 

The  sequences  left  and  above  are  implemented  by  endogenous  single  linear  lists,  and 
hence  allow  insertion  in  the  front  in  0(1)  time  and  scannmg  of  the  elements  in  order 
in  0(1)  time  per  element  scanned. 

In  the  next  subsection,  we  describe  how  to  build  the  forest  structure,  of  (1)  in  time  iinear 
in  {\P\  +  |Z[5;<]|).  The  representation  given  in  (2)  can  easily  be  built  in  time  linear  in 
{\P\  +  \L[s;t]\),  using  a  stable  radix  sort  algorithm.  Since  \P\  <  B^\,  the  representation 
for  B  can  be  built  in  0(|i[5;/]|  +  \b^  )  time. 
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•  V:  The  set  of  vertices  in  V  is  represented  by  a  stack  S  and  a  bag  T  such  that  SuT  =  V', 
5  n  T  =  0.  The  elements  of  the  stack  S  are  in  a  nondecreasing  order,  the  TOP  element 
being  a  smallest.  The  elements  of  the  bag  T  are  unordered.  Initially,  the  stack  S  is  empty, 
and  the  bag  T  contains  exactly  the  vertices  of  initial  V". 

For  the  bag  we  use  an  endogenous  single  linear  list,  which  allows  both  insertion  and  deletion 
in  0(1)  time.   The  time  taken  to  obtain  this  representation  is  linear  in  \V^\  <  \L[s;t]\. 


Hence  this  data  structure  can  be  built  in  time  linear  in  {\L\  +  V^   +  B^  ).        D 


6.2      Building  the  Forest  structure 

The  following  algorithm  Build-Forest  builds  the  forest  structure  described  in  the  last  subsec- 
tion and  is  based  on  the  scan-line  paradigm. 


Algorithm  BUILD-FOREST(/t,P): 

begin 

for  u:=l  to  k  loop     FATHER((u,  u))  :-   nil  ; 
for  2  :=  1  to  rj  loop 

FATHER(p,  )  :=    nil  ; 

lefl(p,):=[]: 
endjloop  }; 

Stack  :=[]; 

for  I  :=  1  to  n  loop 

tou-  :=x(p,)  +  1; 

while  Stack  -^  []  cand  y(p,)  >  y(TOP(S/acJi:))  loop 

p:=   10P{Siack)\ 

high   :=x(p); 

for  u  :=   low  Xo  high  \oop     FATHER((u,  u))  :=  p,; 

FATHER(p)  :=p,; 

low  ■■=y(p); 

POP{siack); 
end{loop  }; 

if  Stack  =  []  cor  j/(p,)  <  r(TOP(S<acit))    then 

high  -.-yip,)  -  1; 
else 

high  :=  x{rop{Stack)); 

tefi{p) :-  [p,]  t  left(p);  (*   Insert  p,  in  front  of  lefi{p)    *) 
end  {if}; 

for  u  :=   low  to  high  loop     FATHER((tz,  u))  :=pi; 
PUSH(p,,  Stack); 
end{loop  }; 
end{BUILD-FOREST}       D 
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Lemma  6.1    The    algorithm    BuiLD-FoREST    correctly    builds    the   forest    structure    in    time 

0{\L[s;t]\  +  \P\). 
PROOF. 

Let  Stack°  =  []. 

If  Stack'-^  =  [q'^,  ...,  ?;,  9;_i,  . . .,  q[]  then  Stack'  =  [p„  q'^_^,  . . .,  q[]  =  [g^,  9j-i,  . . .,  qi], 
where  y{q'^),  .  • .,  yiq'^)  <  yip,)  and  y(qj_i)  >  t/(p,). 
We  show  by  induction  on  i  that 

1.  TOP{Stack')  =  p,;  2-(9j)  <  x(qj^r)  <    ■    <  x(qi):  and  y{qj)  <  y{qj-i)  <         <  y{qi). 

2.  If  p(  covers  a  point  in  stack'  then  p;  X  qj.  [qj  =  p,  =  TOP(5/ac^-')). 

3.  Let  Stack'    =   [gj,gj_] qi].     For  all  j    <    /   <    1,  if  g;  1-interlaces  with  g/_i   then  9/ 

immediately  1-interlaces  with  qi-i- 

(1)  TOP{Stack')  =  p,.  The  rest  follows  from  the  inductive  hypothesis  and  the  facts  that 
yiPi)  <  yWj-i)^  and  that  since  p,  X  g^.j  and  j/(p, )  <  y{qj_-y),  x(p,)  <  a;(9j_i). 

(2)  By  the  inductive  hypothesis,  if  p;  covers  one  of  9j_i,  ■  ■  ■■,  qi  then  p;  covers  a  point  of 
Stack'~^,  and  p/  -<  Pi_].  But  since  y(p,)  <  j/(gj_i),  p;  /  p,  and  p;  -<  p,,  i.e.,  pi  -<  q-,.  Moreover, 
if  pi  covers  qj  then  clearly  pi  <  q^. 

(3)  Assume  that  qj  1-interlaces  with  g_,-i.  Let  q^  ^  pi  ^  Qj-i-  Then  p/  is  not  covered  by 
qj-i,  . . .,  91,  and  from  (2)  it  follows  that  qj  covers  p/,  and  qj  does  not  1-interlace  with  p/.  Let 
pi  ■<  qj  then  again  qj  does  not  1-interlace  with  pi.  Hence,  q-j  1-interlaces  with  no  p;  -<  qj-\.  The 
rest  follows  from  the  inductive  hypothesis. 

(a)  q^  immediately  covers  {u,u) 

iff  x(qj)  <  u  <  y{qj)  and  no  p;  y  q^  covers  u 

^ff  ^(Qj)  +  1  <  ^  <  yiQj)  -  1  and,  for  no  pi  £  Stack'~^ ,x{pt)  <  u  <  y{pt) 

iff  TATHEK{{u,u))  =  qj. 

(6)  qj  immediately  covers  g[ 

iff  qj  covers  g|  and  no  p;  y  q^  covers  q'l 

iff  <ii  <  9'i^y{(]j)  >  2/(9;')  and  q'l  £  Stack'''^ 

iff  q'i  €  Stack'~^  and  j  <  I  <  m 

iff  FATHER(pj)  =  p,. 

(c)         9j  immediately  1-interlaces  with  qj-i 

iff     qj  1-interlaces  with  q-j^i  and  Stack'  =  [g^, 9j_i,..  .,91] 
iff    9j  6/e/<(9j-i). 

From  the  order  in  which  the  points  are  examined,  it  is  easy  to  see  that  the  points  of  the  list, 
left,  are  ordered  by  the  -<  relation.  Also,  notice  that  9_,  immediately  covers  9,'  (m  <  I  <  j) 
and  if  FlRST{left{q',})  is  defined  then  it  is  9;'^j  and  is  immediately  covered  by  qj.  Similarly,  if  9^ 
immediately  1-interlaces  with  g^.j,  we  see  that  if  NEXT(9j,  left{q'-_{))  is  defined  then  it  is  9^  and 
is  immediately  covered  by  9j. 
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The  linearity  of  the  aJgorithm  follows  from  the  observation  that  the  total  number  of  opera- 
tions is  same  as  the  number  of  FATHER  fields  in  the  forest  and  the  sum  of  the  length  of  all  the 
left  lists.        D 

Let  p  be  a  point,  and  a  >  x{p).  The  following  algorithm  LlST-LEFT(p,  a)  lists  all  the  points 
of  the  set  C  =  {q'  £  R{p)  \  q'  1-interlaces  with  p  and  y{q')  >  a},  ordered  by  the  X  relation. 

The  structure  List  in  the  algorithm  is  implemented  by  an  endogenous  single  circular  list  and 
allows  insertion  in  the  front  and  concatenation  in  0(1)  time,  since  we  allow  concatenation  to 
destroy  its  inputs. 


Algorithm  LIST-LEFT(p,  a): 
begin 

List   :=[]; 
p':=   FlRST(/f/((p)); 

while  p'  /  undefined  cand  y(p')  >  a  loop 
TempLisi  :=   LiST-LEFT(p'.  a); 

TempList  -.—  [p']^    TempLisi;  {*   Insert  p'  in  front  of  Tempiis^    *) 
List  :=    TempLtsi  A:    List;  (*    Concatenate  TempList  to  List.    *) 
p':=  NEXT(p',  leftip)); 
end{loop  ); 
return   hsl, 
end{LIST-LEFT}       D 


Lemma  6.2   Let  p  be  a  point  and  lei  a  >  x(p).   Then  the  algorithm  list-left ('p,aj  lists  all  the 
points  of  the  set  C  =  {q'  £  R{p)  \  q'  l-interlaces  with  p  and  y(q')  >  a},  ordered  by  the  y  relation. 

The  algorithm  is  linear  in  the  number  of  points  listed. 
PROOF. 


The  linearity  of  the  algorithm  follows  from  the  representation  of  the  lists  and  the  fact  that 
the  total  number  of  insertion  and  concatenation  operations  is  proportional  to  the  number  of 
points  listed. 

Let  p[  -<  P2  -;...-<  p^  be  the  prefix  of  the  list  left{p)  such  that  y(p-)  >  a  (1  <  i  <  s).  Let 
C  =  {q[,q'2,. .  .,q!,},  its  points,  ordered  by  the  ;^  relation.  Notice  that,  for  every  q'r  -<  q'  ~<  P, 
since  q  immediately  covers  p,  y{q')  <  y{p)  and  since  q'  ^  £,  y{q')  <  a.  Hence,  q'^  immediately 
1-interlaces  with  p,  and  q!^  =  p'^. 

Thus,  C  can  be  written  as  follows: 

£  =  [p'J&/:,i:  •••  &[p'i]&£j, 

where  Ci  =  {q'  €  £  \  q'  <  p[},  and  for  all  I  <  i  <  s,  C,  =  {q'  £  C  \  p[_i  -<  q'  ^  p-};  and  for  all 
1  <  z  <  5,  the  points  in  each  C,  are  ordered  by  the  >-  relation. 

The  correctness  follows  from  the  following  fact,  proven  by  an  inductive  argument:  For  all 
1  <  2  <  5,  £,  =  LIST-LEFT(p(.a). 

I.  U  q  immediately  cover  p  then  q  immediately  covers  p[;  and  if  no  point  covers  p  then  no 
point  covers  p[.  In  either  case,  R{p)  =  R{p'i)  2  -^i. 
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2.  For  all  1  <  i  <  s,  since  pj.^  immediately  covers  p',Mip',)  =  [^(p'i-i)>f^']  x  [^ip[-i)- f^]  5  C,. 

Let  1  <  i  <  s.  Clearly,  LEFT-LIST(p;.  a)  C  £,.  Further,  £,  C  LEFT-LIST(p;,a):  Let  q'  €  £,. 
Then  q'  e  -RIpI)-  Since  q'  does  not  cover  p[  and  q'  ■<  p[,  a  <  y{q')  <  y{p[)-  and  q'  immediately 
l-interlaces  with  p[.  q'  e  LEFT-LlST(p-,a). 

Hence, 

C  =  [p'J  &  list-left(p'^,x)  &  •  •  •  &  [/j'l]  &  list-left(pi,i), 

and  list-left(p,  x)  —  C,  the  points  ordered  by  the  >-  relation.        D 
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6.3     Using  the  Data  Structure 


Algorithm  Find-and-Update: 

begin 

if5^[]    then  t.':=  top(5);     P0P(5); 

else  Choose  an\'  element  v  from  T;      T  .^T  \  {v}; 

end{if}; 

p'  :=  father(i'); 

if  p'  =  nil  cor  p'  —  marked    then  Pair  ■.—  {v,±); 

else 

p:-p':     p' :=  FATHER(p); 

while  p'  ^  nil  cand  p'  =  unmarked  loop 

p.=  p'\     p' :-  FATHER(p); 
end{loop  ); 
Let  B  €  B(p)  be  a  bridge  with  exactly  two  vertices  of  attachment, 

if  such  a  bridge  exists;  otherwise,  B  e  B(p),  chosen  arbitrarily; 
Pair  :=(i,  B); 
end{if  }; 
\ipi^l.    then 

TempList  :=   List-Left(p,  5^(5)); 
p'  :=   F]RST(TempL}s1): 
while  p'  /  undefined  loop 

if  p'  is  unmarked    then 

for  every  B'  G  B(p')  loop 

(*    Let  IV(B')  =  vertices  of  attachment  of  5'.    ♦) 

PUSH(5i(B'),  5);  I 

T;=TU(»'(S')\{5i(B')}); 
endjloop  ]; 
Mark  p'; 
end{if  }; 

p':=  next(p'); 
end{loop  }; 
for  x'  :=  x(p)  to  j/(p)  -  1  loop 

for  every  p'  £  a6ot>e((x',  a-'))  loop 
if  p'  =  p    then 

for  every  B'  6  B(p')  loop 

(*    Let  H^(B')  =  vertices  of  attachment  of  B'.    *) 
]f  B'  jL  B  cand  |U^(5')I  >  3    then  T:=TU  W{B'y, 
end{loop  }; 
Mark  p'; 
elsif  p'  is  unmarked    then 

for  every  B'  £  B(p')  loop 

(*    Let  W{B')  =  vertices  of  attachment  of  B'    *) 
T:=TUW(B'); 
endjloop  }; 
Mark  p'; 
endjif  }; 
endjloop  }; 
end{loop  }; 
end{Find-and-Update}      D 
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The    point,    p,   .    maximally    covers    thevertex,    v. 
All    the    points    in    the    shaded    portion    are    marked 
at    the   end   of    the    F ind-and-Update   operation. 

Figure  13: 

Lemma  6.3    The  algorithm  FlND-AND-UPDATE  correctly  implements  the  operation  FlND-AND- 

Update  on  the  data  ftrvcture. 

PROOF. 


First  we  claim  that  tlie  stack  S  and  tlie  points  of  the  data  structure  satisfy  the  following  two 
inxciriants,  respectively: 

1.  The  elments  of  the  stack  S  are  in  a  nondecreasing  order,  the  TOP  element  being  a  smallest. 

2.  (a)  If  r  is  a  point  marked  then  all  points  covering  r  are  also  marked. 

(b)  If,  in  addition,  x(r)  ^  S  then  all  points  that  1-interlace  with  r  are  marked. 

Clearly,  the  invariant  is  satisfied  initially. 

(CaseI  )■  The  p<nr  —  {i'.±).  Assume  FATHER((v.  t'))  =  9  7^  nil,  since  otherwise  there  is 
nothing  to  prove.  Hence  q  must  be  marked.  Since  x(q)  <  v.  x{q)  ^  S.  From  the  invariant  on 
the  data  structure,  it  follows  that  every  pi  -<  q  covering  {v.v)  must  be  marked.  But  since  q 
immediately  covers  (v,v)  no  pi  >  q  covers  {i\v).  Hence  there  is  no  unmarked  bridge  covering  v. 
Next  we  show  that,  after  this  operation  on  the  data  structure,  the  invariants  are  satisfied. 
The  stack  obviously  satisfies  the  condition.  Hence,  assume  that  the  second  inx-ariant  does  not 
hold.  Let  r  be  a  point  violating  the  invariant — r  is  marked.  Then  it  must  be  the  case  that 
x{r)  =  V  and  v  G  «.*?  just  before  the  fikd-and-upd.ate  operation,  and  there  is  an  unmarked 
point  1-interlacing  with  r.  But  since  sucli  a  point  also  covers  {i\v).  this  provides  a  contradiction. 
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(Case2).  The  pair  =  {v,p),  where  p  =  (x,y).  Assume  FATHER(p)  =  q  :^  nil,  since 
otherwise  there  is  nothing  to  prove.  Hence  q  must  be  marked.  Since  x{q}  <  r,  x{q)  ^  S.  From 
the  invariant  on  the  data  structure,  it  follows  that  every  pi  <  q  covering  p  must  be  marked.  But 
since  q  immediately  covers  p  no  pi  >■  q  covers  p.  Hence  there  is  no  unmarked  point  covering  p. 
Since  all  the  bridges  of  B(p)  are  unmarked,  it  is  easy  to  see  that  the  bridge  B  €  B(p)  chosen  by 
the  algorithm  is  in  fact  the  maximal  unmarked  bridge  covering  v. 

Let  us  consider  a  bridge  B'  £  B'  whose  carrier  intersects  with  X]5£,(5);  <£,(-B)[,  J-e.,  the 
interval  ]x\y[.  Hence  the  representative  point,  p'  =  {x',y'),  of  B'  has  an  interval  [i';j/']  that 
intersects  with  ]x;  2/[.  If  p' ^  i?(p)  then  p' either  covers  or  1-interlaces  with  9  =  FATHER(p).  Thus, 
p',  and  hence  the  bridges  of  B(p')  must  be  marked.  This  implies  that  we  only  need  to  consider 
such  p'  G  R[p)-  Since  p  is  not  covered  by  any  unmarked  point,  we  may  further  exclude  the  p's 
covering  p  from  consideration.  It  is  trivial  to  see  that  at  the  end  of  the  operation  all  such  points 
(hence  there  bridges)  are  marked.  The  correctness  of  the  operation  follows  from  the  following 
observations. 

1.  x'  <  X.  Then  if  p'  is  an  unmarked  point,  it  is  in  LIST- LEFT (p,  x(p)),  and  p'  1-interlaces  with 

p.  Hence,  every  j0'  €  B(p')  is  unmarked  and  has  a  vertex  of  attachment  on  Z]5£(5);  <jr,(-B)[- 
Its  vertices  of  attachment  are  added  to  V'  =  5  U  T. 

2.  x'  =  X. 

•  p'  —  p.  Hence  every  B'  G  (B(p)  \  {B}).  with  three  or  more  vertices  of  attachment, 
is  unmarked  and  has  a  vertex  of  attachment  on  L]si{B)\tL{B)[.  Its  vertices  of 
attachment  are  added  to  V'  =  *?  U  T. 

•  p'  £  (above{{x.x))\  {p]).  Then  if  p'  is  unmarked,  y'  <  y.  Hence,  every  B'  G  B(p') 
is  unmarked  and  has  a  vertex  of  attachment  on  L]si{B);ti(B)[.  Its  vertices  of 
attachment  are  added  to  V"  =  5  U  T. 

2.  X  <  x'  <  y.  p'  G  above((x'.x')).  If  p'  is  unmarked,  every  B'  G  B(p')  is  unmarked  and 
has  a  vertex  of  attachment  on  L]sl{B)\1l{B)[.  Its  vertices  of  attachment  are  added  to 
V  =  5  U  T. 

Next  we  show  that,  after  this  operation  on  the  data  structure,  the  invariants  are  satisfied. 
Since  list-left  lists  the  points  such  that  they  are  ordered  by  the  >-  relation,  x{q'^) . .  ■x{ql.)  > 
x{q'r^i)  ■  .  .x{q!,_i )  >  ■  ■  ■  >  ^(^i ) . .  -xiq'^).  and  thus  the  stack  obviously  satisfies  the  condition. 
Hence,  assume  that  the  second  invariant  does  not  hold.  Let  r  be  a  point  violating  the  invariant — 
r  is  marked.  We  may  assume  that  r  £  R{p)  and  x{r)  <  y.  If  x  <  r  <  y  then  every  point  covering 
r  or  1-interlacing  with  it  is  marked  at  the  end  of  the  operation,  x{r)  <  x  <  v.  Hence,  using  the 
invariant  and  the  fact  that  x(t)  was  not  in  the  stack  S  before  the  operation,  we  see  that  such  an 
r  must  have  been  unmarked  before  the  operation.  Hence  r  £  LlST-LEFT(p);  but  since  at  the  end 
of  the  operation,  every  point  covering  r  is  marked,  and  x{r)  £  S,  this  provides  a  contradiction. 
D 
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Lemma  6.4  Let  L,  V^  and  B^  be  as  described  in  the  beginning  of  this  section.  Let  Oi,  O2,  ■  ■ ., 
Om>  be  a  sequence  0/ find-and-Update  operations  applied  to  {L,V^,5^)  such  that  at  the  end 
of  the  m''     operation  the  set  V'  =  0. 

Let  Q'  =  {v[,B[),  (u2,-B2),  . .  .,  {v!^',B!^,)  be  the  sequence  of  values  of  the  Pair's,  where 
{vi,  B,)  is  the  Pair  returned  by  the  operation  Oi.  Let  Q  =  (I'l,  5i),  {v2,  B2),  ■  ■  ■,  {vm,Bm)  be  the 
subsequence  of  Q'  consisting  of  all  pairs  {v[,  B[)  such  that  B[  ^±.  Let  B^  =  {B\ ,  B2,  ■  ■ .,  Bm], 
andB^  =  B^\B^. 

Then  the  total  time  taken  to  build  the  initial  structure  plus  the  time  taken  by  the  operations 
Oi,  O2,  ...,  Om'  IS 


t(^l,v^,b^)  =0 


( 


lil  + 


v^|+  Y.  1^(^)1 


\ 


B^Bk 


PROOF. 

(1)  From  the  discussion  in  the  previous  two  subsections,  it  is  clear  that  the  time  taken  to 
build  the  data  structure  is 


0(111 


+ 


V^  + 


B^ 


) 


(2)  First  notice  that  m'  <    V'A  +  ^      ^l  \^V{B)\.  Also,  notice  that  if  B,  and  Bj  are  two 

distinct  bridges  of  Q,  selected  by  the  operations  O,  and  Oj,  respectively,  then  the  subpaths 
L]sL{B,);tL{B,)[  and  L]sL{Bj)\tL{Bj)[  do  not  intersect,  and  hence  m  <  \L\.  Hence, 


\B^\  < 


B{  ■^\b^\  <  \L\  +  \b^ 


Let  the  Pair  selected,  in  the  i'*>  operation  O,,  be  <  v'„  B',  >.  Notice  that  if  B'  =±  then  the 
amount  of  time  spent  in  this  operation  is  bounded  by  constant.  On  the  other  hand,  if  B,  /I 
then  the  amount  of  time  spent  in  this  operation  is  bounded  by  the  sum  of 

1.  Total  number  of  points  in  the  region 

([1;  <z,(5.)[  X  ]sl{B,);  k])  \  ([1;  5l(5.)[  x  ]tLiB,);  k]) . 

2.  The  time  taken  to  compute  the  vertices  of  attachment  of  those  unmarked  bridges  of5'\{5,} 
that  have  at  least  one  vertex  of  attachment  on  L]sL{B,)\tL(B,)[.  If  B  is  such  a  bridge 
then  W(B)  can  be  computed  in  time  0{\E{B)\  +  |F(5)|)  =  0{\E{B)\)  time,  using  the 
pcJm  tree  of  the  previous  section. 

Hence,  a  bound  for  the  total  time  spent  by  the  operations  Oi,  O2,  . . .,  Cm'  can  be  obtained 
by  deducing  bound  for  the  contributions  due  to  (1)  and  (2).  Since  any  point  can  belong  to  at 
most  two  different  regions  of  (1),  the  total  contribution  due  to  (1)  is  bounded  by 


0{\P\)  =  0(JB^\). 
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Obviously,  the  totaJ  contribution  due  to  (2)  is  bounded  by 

/ 
O 

Summing  up,  we  obtain, 


0[m'+\P\  +  Y.s^BL\EiB) 


O  ('IV^I  +  \P\  +  Y^B^s^  \'^V{B)\  +  \E{B)\^ 


Since   B^ 


<  \L\  +  \Bk 


,  we  get 


T  {l.V^,B^)     =  O  (\L\  +  \V^\  +  \b^\  +  E^^gL  \EiB)\) 


7     The  Timing-Analysis  of  the  Algorithm  Find-Ambitus 

Theorem  7.1    The  algorithm  FIND-AMBITUS  requires  0{\E\  +  |y|)  time  to  find  the  ambitus  in 

a  graph,  G  =  (E^V),  where  G  satisfies  the  assumption  3.1. 

PROOF. 

If  L  is  a  path  then  its  subpath  containing  all  the  vertices  of  L  except  its  end  vertices,  is 
denoted  by  i]  •   •[.  If  t;  is  a  vertex  then  d{v)  stands  for  the  local  degree  of  v. 

The  time  taken  to  test  whether  the  graph  G  satisfies  the  assumption  =  0{\E\  -\-  \V\).  Let 
P[s;i]  and  Q[s\t]  be  the  paths  in  the  graph.  If  Tp  and  Tq  bound,  respectively,  the  time 
required  to  modify  P[s\t]  and  Q[5;f]  such  that  G  has  no  offensive  B^-  or  P'^-bridges  then  the 
time  complexity  of  the  algorithm  is  bounded  by  Od^l  -|-  \V\)  ■\-Tp  +  Tq. 

The  bound  for  Tp  follows  from  the  following  recurrence  relations. 

Let  V  be  the  palm  tree  of  the  graph  G.  The  first  path  in  G  is  J .  Let  S  be  the  segments 
of  J  in  V,  and  S  be  the  segments  corresponding  to  B^-bridges.  Let  5f  C  S^  be  the  set 
of  segments  corresponding  to  the  bridges  in  the  sequence  of  Pairs,  Q,  found  by  a  sequence  of 
Find-and-Update  operations,  and  S2  =  S^  \  5f . 

Hence,  Tp  is  bounded  by  the  sum  of  (i)  the  time  taken  to  build  the  palm  tree,  (n)  the  time 
taken  to  find  the  path  J,  together  with  its  segments,  (Hi)  the  time  taken  to  build  the  data 
structure  plus  that  taken  by  the  operations  on  the  data  structure,  and  (iv)  the  time  spent  in 
each  recursive  call  on  the  segments  of  5^  . 
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Tp       <C3-(|£|+|F|)  +  /C3 

+C,  •  (|P|  +  |V^|  +  Y.s,s;  l^(^)l)  +  ^'  +  ^5e5r  ^(^) 

<  C3  •  (1^1  +  IV^I)  +  fca  +  (Ci  +  C2)  •  (|J|  +  E,ev'(p]. .[)  l^(^)i) 
+  (Ci  +  C2  +  1)  •  T.s^S\S^,  l^^-^^l  +  ^"^  +  ^^  +  ^se^f  ^^-^^ 

Let  Gb'  =  {■E'(-B')  U  £"((5'))  be  composed  of  a  bridge  B'  and  its  carrier  Q'\  let  s'  and  <'  be 
the  two  distinguished  vertices  in  Gb'-  Let  the  segment  5'  in  V  be  the  one  corresponding  to  B' . 
(CaseI).  If  (z)  B'  is  a  normal  bridge,  or  {ii)  B'  is  a  special  bridge  with  exactly  two 
vertices  of  attachment  then  the  first  path  L  found  in  S'  is  P'{s'\  /'].  Let  S  be  the  segments  of  L 
in  S\  and  5^,  the  segments  corresponding  to  5^-bridges  of  {/"}  U  {Q').  Let  S^  C  5^  be  the 
set  of  segments  corresponding  to  the  bridges  in  the  sequence  of  Pairs,  Q,  found  by  a  sequence 
of  Find-and-Update  operations,  and  52  =  S^  XS^. 

Then  T{S')  is  bounded  by  the  sum  of  (i)  the  time  taken  to  find  the  path  L',  together  with 
its  segments,  (ii)  the  time  taken  to  build  the  data  structure  plus  that  taken  by  the  operations 
on  the  data  structure,  and  (iii)  the  time  spent  in  each  recursive  call  on  the  segments  of  5f. 

T[S')     <  C,  .  (|L|  +  E„,v.„]. .[)  \d{v)\  +  E,,(5^5^,  \E(S)\)  +  k, 

+C2  •  {\L\  +  |V^|  +  Es,s^  \EiS)\)  +  k,  +  E,,5^  T{S) 

+(Ci  +  C2  + 1)  •  Zs^s\s^  l^^'^)!  +  (^"1  +  ^'2)  +  Zs^s^  ns). 

(Case2).  If  B'  is  a  special  bridge  with  three  or  more  vertices  of  attachment  then  the 
paths  found  in  S'  are  Li  and  L2,  and  the  path  L  =  P'[s';t']  is  obtained  from  Li  and  L^. 
Notice  that  \L\  <  \Li\  +  \L-2\.  Let  S  be  the  segments  of  Li  and  L2  in  S',  and  S^,  the  segments 
corresponding  to  B^-bridges  of  {P'}  U  {Q'].  Let  5f  C  S^  be  the  set  of  segments  corresponding 
to  the  bridges  in  the  sequence  of  Pazrs,  Q,  found  by  a  sequence  of  Find-and-Update  operations, 
and  5^  =  S^\S^. 

TiS')    <  C,  .  {\L,\  +  IZ2I  +  E„,,,,,]. .[,  I^(t;)|  +  E.eK(L.]. .[)  l'^(-)l) 
+C2  •  (|i|  +  |V^|  +  E^,^^^  \EiS)\^  +k2  +  Zs^s^  T{S) 

<  (C,  +  C2)  ■  (|i,l  +  II2I  +  E.eV(L,]. .[)  I'^(^)l  +  E.,v(L,]. .[,  \d(r)\) 
+  (Ci  +  C2  +  1)  •  Hs^sxS^  \EiS)\  +  (k,  +  A-2)  +  Es^sf  ^(•^)- 
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Solving  the  recurrence  relation,  it  is  easy  to  see  that 

/  \ 

T{S)<C[-     ^        \L\+       Yl       ^f^') 


LeC(S) 


+  C'2-\EiS)\  +  iki  +  k2). 


V  v6r(L]..[)  / 


where  C[  -  C1  +  C2  +  A'l  +  k2.  C'2  =  Ci  +  C2  +  I  and  £{S)  is  the  set  of  internally  vertex  disjoint 
paths  in  the  segment  5.  Hence  it  follows  that 

Tp     <C3i\E\+\V\)  +  k3 

+  C{  ■  ZL6£(P)(li|  +  ^.^V(L].  .[)  '^(^'))  +  C'2-\E\  +  {k,  +  k2). 
Since  the  paths  of  the  palm  tree  V  are  internally  vertex  disjoint, 

Y,      \\L\+       Y.       d{v)]<2-\E\+Ydi'')<'^-\^\^ 
LeC(V)\  .eV(L]..[)         /  -ev 

and 

Tp  <  C'-ii:|  +  A-'. 

where  C  =  2  •  C3  +  4  •  CJ  +  C^  =  5  •  Ci  +  5  •  C2  +  2  •  C3  +  4  -/ti  +  4  •  /cj  +  1 
and  k'  =  ki  +  k2  +  k^. 

I 
Hence  Tp  —  0{\E\)  by  a  similar  argument  Tq  =  0{\E\)  and  the  theorem  follows.        D 

8      Abiding  Path  and  Nonseparating  Induced  Cycle 

In  this  section,  we  introduce  two  problems,  closely  related  to  the  ambitus-finding  problem,  and 
devise  linear  time  algorithms  for  these  problems. 

Definition  8.1   ABIDING  Path. 

Let  G  =  {V,E)  be  a  graph  with  two  distinct  vertices  s  and  <,  a  path  P[5;<]  and  a  set  of 
distinguished  vertices  W  C  V.  A  bridge  B  of  P[s;t]  is  said  to  be  a  W'*'-bridge,  iiWnN{B)  ^  0; 
otherwise,  a  W~ -bridge. 

Let  a  (W,  P)-projection  be  the  set 

U  =  {\VnV{P))U  [j  W{G,B), 

B=vi'+ -bridge 

i.e..  the  set  of  vertices  on  P[s:  t],  either  in  W  or  a  vertex  of  attachment  of  some  Vl^^-bridge. 

A  path  /'[s;/]  is  said  to  be  an  abiding  path  with  respect  to  W,  if  no  ^'"-bridge  covers  a 
vertex  of  the  (W,  P)-projection,  11.        D 

Note  that  if  P[s:i]  is  an  abiding  path  in  G  then  every  M^~-bridge  avoids  every  H^^-bridge. 
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Problem  8.1  Abiding-Path-Finding  Problem. 

Assume  that  G  -  (V,  E)  is  a  nonseparable  graph  containing  two  distinguished  vertices  s  and 
t,  and  a  set  of  distinguished  vertices  W  C  V. 

Find  an  abiding  path  P[s\t]  in  G  with  respect  to  \V .      D 

Let  G  be  the  graph  obtained  from  G  by  including  additional  vertices  {s',  it;',  t'}  and  additional 
edges 

{[s',s],[t,tl[s\w'],[w\t']}  U  {[w,w']  I  w  e  W}. 

Let  J  =  P[s';l']  *  [/',  u'']  +  [u'',.";']  be  an  ambitus  of  the  graph  G,  containing  s'  and  i'.  We 
claim  that  the  subpath  P[s:t]  of  P[s';t']  is  an  abiding  path  in  G  with  respect  to  W.  Assume 
to  the  contrary;  then  there  is  a  1V'~ -bridge  B  of  P[s;  t]  in  G,  covering  a  vertex  v  in  the  {W,  P)- 
projection.  Thus  5  is  a  5^-bridge  in  G  and  v  is  a  vertex  of  attachment  of  some  B^'^ -hudge  of 
G,  i.e.,  B  is  an  offensive  ^'^-bridge  of  G.  This  contradicts  the  assumption  that  J  is  an  ambitus. 

Note  that  G  has  |V|  +  3  vertices  and  at  most  |£'|  +  |V'|  +  4  edges.  Thus  the  abiding-path-finding 
problem  has  a  linear  time  solution. 

Definition  8.2  Nonseparating  Induced  Cycle. 

Let  G  —  (\\E)  be  a  graph  with  a  cycle  J.  J  is  said  to  be  a  nonseparating  induced  cycle  of 
G,  if  there  is  at  most  one  proper  bridge  B  of  J  in  G.        O 

Note  that  the  graph  G~  derived  from  G  by  deleting  the  vertices  of  J  and  all  their  incident 
edges  is  exactly  the  connected  subgraph  iV(5),  the  nucleus  of  B. 

Problem  8.2  Nonseparating-Induced-Cycle-Finding  Problem. 

Assume  that  G  =  (V',  £')  is  a  triconnected  graph  containing  a  distinguished  vertex  u  and  a 
distinguished  edge  [s,t]. 

Find  a  nonseparating  induced  cycle  J  oi  G  such  that  [s,t]  £  E(J)  and  u  ^  V(J).      D 

Let  G  be  the  (nonseparable)  graph  obtained  from  G  by  deleting  the  edge  [s,t].  Let  P[5;<] 
be  an  abiding  path  in  G  with  respect  to  the  set  {u).  Let  J  =  P[5;t]  *  [t,s]  be  a  cycle  in  G. 
We  claim  that  J  is  a  nonseparating  induced  cycle  of  G  such  that  [s,t]  6  E{J)  and  u  ^  V{J). 
Clearly,  [s,t]  £  E(J).  If  u  €  V(J)  then  every  bridge  of  P[s;t]  in  G  is  a  {u}--bridge.  Thus  no 
bridge  of  P[s;  t]  in  G  covers  u,  and  removal  of  u  in  G  disconnects  the  graph,  which  is  impossible. 

Thus  there  is  a  proper  bridge  5  of  J  in  G  such  that  u  G  N{B).  If  J  has  another  proper 
bridge  B'  then,  since  B'  avoids  B  in  J,  and  since  w(G,B)  >  1  and  w{G,B')  >  1,  the  vertices 
of  attachment  of  B'  are  all  contained  in  a  single  residual  path  L  of  B,  and  removal  of  the  end 
vertices  of  Z  in  G  disconnects  the  graph,  which  is  impossible. 

Note  that  G  has  |V|  vertices  and  \E\  -  1  edges.  Thus  the  nonseparating-induced-cycle-finding 
problem  has  a  linear  time  solution. 
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